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Abstract 



< 

For M a closed manifold or the Euclidean space M. n we present a 
detailed proof of regularity properties of the composition of fP-regular 
diffeomorphisms of M for s > ^ dimM + 1. 

(N 

>: 

g§; 1 Introduction 

In this paper we are concerned with groups of diffeomorphisms on a smooth 
manifold M. Our interest in these groups stems from Arnold's seminal pa- 
per [1] on hydrodynamics. He suggested that the Euler equation modeling a 
perfect fluid on a (oriented) Riemannian manifold M can be reformulated as 
the equation for geodesies on the group of volume (and orientation) preserv- 
ing diffeomorphims of M. In this way properties of solutions of the Euler 
equation can be expressed in geometric terms - see [I]. In the sequel, Ebin 



and Marsden [M], [15] used this approach to great success to study the initial 
value problem for the Euler equation on a compact manifold, possibly with 
boundary. Later it was observed that other nonlinear evolution equations 
such as Burgers equation [5], KdV, or the Camassa Holm equation [7], [T7] 
can be viewed in a similar way - see [22], [32], as well as [5], [IS], and [23] . 
In particular, for the study of the solutions of the Camassa Holm equation, 
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this approach has turned out to be very useful - see e.g. [12], [33]. In ad- 
dition, following Arnold's suggestions [3], numerous papers aim at relating 
the stability of the flows to the geometry of the groups of diffeomorphisms 
considered - see e.g. [5]. 

In various settings, the space of diffeomorphisms of a given manifold with 
prescribed regularity turns out to be a (infinite dimensional) topological 
group with the group operation given by the composition - see e.g. [151 
p 155] for a quite detailed historical account. In order for such a group of 
diffeomorphisms to be a Lie group, the composition and the inverse map 
have to be C^-smooth. A straightforward formal computation shows that 
the differential of the left translation Lw, : if h- > if ° f °f a diffeomorphism if 
by a diffeomorphism ip in direction h : M — > TM can be formally computed 
to be 

{d v L^){h){x) = (d^ x )ip)(h(x)), x e M 

and hence involves a loss of derivative of if. As a consequence, for a space 
of diffeomorphisms of M to be a Lie group it is necessary that they are 
C°°-SHiooth and hence such a group cannot have the structure of a Banach 
manifold, but only of a Frechet manifold. It is well known that the calculus in 
Frechet manifolds is quite involved as the classical inverse function theorem 
does not hold, cf. e.g. [IB], [23]. Various aspects of Frechet Lie groups of 
diffeomorphisms have been investigated - see e.g. [18], J3JJ, [33], [35]. In 
particular, Riemann exponential maps have been studied in [10], [IT] . [20J, 

EU. 



However, in many situations, one has to consider diffeomorphisms of 
Sobolev type - see e.g. [12] . [13] . [Ti] . In this paper we are concerned 
with composition of maps in H S (M) = H S (M, M). It seems to be unknown 
whether, in general, the composition of two maps in H S (M) with s an integer 
satisfying s > n/2 is again in H S (M). In all known proofs one needs that 
one of the maps is a diffeomorphism or, alternatively, is C^-smooth. 

First we consider the case where M is the Euclidean space M n , n > 1. 
Denote by Diff + (lR n ) the space of orientation preserving C ^diffeomorphisms 
of M n , i.e. the space of bijective C 1 -maps if : M. n — > M 71 so that det(d x ip) > 
for any x G M. n and ip~ x : M n — \ R n is a C^-map as well. For any integer s 



with s > n/2 + 1 introduce 

V s (R n ) :={^e Diff^(M n ) I (p - id e H S (W 1 )} 
where H s (R n ) = H s (R n ,R n ) and H s (R n ,R d ) is the Hilbert space 

H s (R n , R d ) := {/ = (/!, . . . , / d ) | /, g H a (R n , R), i = 1, . . . , d) 
with iiP- norm || • || s given by 

ii/ii. = (£ii/<ii;) 1/2 

and H 8 (R n ,R) is the Hilbert space of elements g G L 2 (IT,R) with the 
property that the distributional derivatives d a g, a G Z> , up to order \a\ < s 
are in L 2 (M™,R). Its norm is given by 

IMI- = (E / \^9\ 2 dx) l, \ (1) 

\a\<s 

Here we used multi-index notation, i.e. a = (cvi, . . . , a n ) G Z> , \a\ = 
Ys!=i a ii x = ( x i' • • • ' x n)i an d d a = d^ = d^l ■ ■ ■ <9"™. As s > n/2 + 1 it 
follows from the Sobolev embedding theorem that 

V s (R n ) - id = {<p - id | up G V s (R n )} 

is an open subset of if s (R n ) - see Corollary 12.11 below. In this way V s (R n ) 
becomes a Hilbert manifold modeled on H s (R n ). In Section [2] of this paper 
we present a detailed proof of the following 

Theorem 1.1. For any r G Z>o and any integer s with s > n/2 + 1 

fi:H s+r (R n ,R d )xV s (R n )^H s (R n ,R d ), (u,<p)^uo<p (2) 

and 

inv : V s+r (R n ) -)• V s (R n ), uo ^ ip' 1 (3) 

are C r -maps. 



Remark 1.1. To the best of our knowledge there is no proof of Theorem 
li.il available in the literature. Besides being of interest in itself we will use 
Theorem li.il and its proof to show Theorem \1.2\ stated below. Note that the 
case r = was considered in JE/. 

Remark 1.2. The proof for the C r -regularity of the inverse map is valid in 
a much more general context: using that TJ s (M. n ) is a topological group and 
that the composition 

V s+r (R n ) x V s (R n ) -» V s (M n ), (i)^)^i)o^> 

is C -smooth we apply the implicit function theorem to show that the inverse 
map 

V s+r {R n ) -)> V s (R n ), ip k> ip- 1 

is a C '-map as well. 

Remark 1.3. By considering lifts to M. n of diffeomorphisms ofT n = M. n /7* n , 
the same arguments as in the proof of Theorem li.il can be used to show 
corresponding results for the group V s (T n ) of H s -regular diffeomorphisms 
on T n . 

In Section [3] and Section H] of this paper we discuss various classes of diffeo- 
morphisms on a closeco manifold M. For any integer s with s > n/2 the set 
H S (M) of Sobolev maps is defined by using coordinate charts of M. More 
precisely, let M be a closed manifold of dimension n and iV a C^-manifold 
of dimension d. We say that a continuous map / : M — > N is an element in 
H S (M, N) if for any x G M there exists a chart x '■ U ~> U CR n of M with 
x e U, and a chart r] : V -)• V C R d of A^ with /(a;) 6 V, such that f{U) C V 
and 

is an element in the Sobolev space H s (U,Mr). Here H S (U,WL ) - similarly 
defined as H s (W a , M ) - is the Hilbert space of elements in L 2 (U, K. ) whose 
distributional derivatives up to order s are L 2 -integrable. In Section [3] we 
introduce a C°°-differentiable structure on the space H S (M,N) in terms of 
a specific cover by open sets which is especially well suited for proving regu- 
larity properties of the composition of mappings as well as other applications 



M.e., a compact C°°-manifold without boundary 



presented in subsequent work. The main property of this cover of H S (M, N) 
is that each of its open sets can be embedded into a finite cartesian product 
of Sobolev spaces of iiP-maps between Euclidean spaces. 

It turns out that this cover makes H S (M, N) into a C°°-Hilbert manifold 
- see Section 0] for details. In addition, we show in Section @] that the C°°- 
differentiable structure for H S (M,N) defined in this way coincides with the 
one, introduced by Ebin and Marsden in [14], [15] and defined in terms 
of a Riemannian metric on N. In particular it follows that the standard 
differentiable structure does not depend on the choice of the metric. Now 
assume in addition that M is oriented. Then, for any linear isomorphism 
A : T X M — y T y M between the tangent spaces of M at arbitrary points x and 
y of M, the determinant det(A) has a well defined sign. For any integer s 
with s > | + 1 define 

V s (M) := {if G Diff^(M) | <p G H S (M,M)} 

where Diff,(M) denotes the set of all orientation preserving C 1 smooth dif- 
feomorphisms of M. We will show that T> s (M) is open in H 8 (M,M) and 
hence is a C^-Hilbert manifold. Elements in D S (M) are referred to as ori- 
entation preserving H s -diffeomorphisms. 

In Section [3] we prove the following 

Theorem 1.2. Let M be a closed oriented manifold of dimension n, N a 
C°° -manifold, and s an integer satisfying s > n/2 + 1. Then for any r G Z>o, 

(%) /i : H s+r (M, N) x V s (M) -»■ H S (M, N), (/, <p) t-> f o <p 

and 

(ii) inv : V s+r (M) -y V s (M), <p \-> ip~ l 

are both C r -maps. 

Remark 1.4. Various versions of Theorem \l. 6 A can be found in the literature, 
however mostly without proofs - see e.g. |75j/ ; JXffi , [7^/ . [3$ , f35f . \3b^ , [37^ ; 
cf. also JMtf . A complete, quite involved proof of statement (i) of Theorem 
II. ,21 can be found in f3b^ . Proposition 3. 3 of Chapter 3 and Theorem 2. 1 of 
Chapter 6. Using the approach sketched above we present an elementary proof 
of Theorem \1.2\ In particular, our approach allows us to apply elements of 
the proof of Theorem \l.l\ to show statement (i). 



Remark 1.5. Actually Theorem \1.1\ and Theorem \1.S\ continue to hold if 
instead of s being an integer it is an arbitrary real number s > n/2 + 1 . In 
order to keep the exposition as elementary as possible we prove Theorem \l.l\ 
and Theorem \1.S\ as stated in the main body of the paper and discuss the 
extension to the case where s > n/2 + 1 is real in AppendixWi 

We finish this introduction by pointing out results on compositions of 
maps in function spaces different from the ones considered here and some 
additional literature. In the paper [26J, de la Llave and Obaya prove a version 
of Theorem 11.11 for Holder continuous maps between open sets of Banach 
spaces. Using the paradifferential calculus of Bony, Taylor |39j studies the 
continuity of the composition of maps of low regularity between open sets in 
R n - see also [3]. 

Acknowledgment: We would like to thank Gerard Misiolek and Tudor 
Ratiu for very valuable feedback on an earlier version of this paper. 

2 Groups of diffeomorphisms on W 1 

In this section we present a detailed and elementary proof of Theorem 11.11 
First we prove that the composition map /i is a C r -map (Proposition 12.91) 
and then, using this result, we show that the inverse map is a C r -map as 
well (Proposition 12.13]) . To simplify notation we write T> s = V s (W n ) and 
H s = H s (M. n ). Throughout this section, s denotes a nonnegative integer if 
not stated otherwise. 



2.1 Sobolev spaces H* 






In this subsection we discuss properties of the Sobolev spaces _£P(IR n ,R) 
needed later. First let us introduce some more notation. For any x, y G M. n 
denote by x • y the Euclidean inner product, x ■ y = ^fc=i Xfc ^ fe > anc ^ by \x\ 
the corresponding norm , |x| = (x-x) 1 ' 2 . Recall that for s & Z>o, H s (EL n , K.) 
consists of all L 2 -integrable functions / : MJ 1 — )■ M with the property that the 
distributional derivatives d a f,a E Z> , up to order \a\ < s are L 2 -integrable 
as well. Then H s (R n , M), endowed with the norm ([I]), is a Hilbert space and 



for any multi-index a G Z> with \a\ < s, the differential operator d a is a 
bounded linear map, 



s—\a\ r\n>n 



d a : H s (R n ,R) ^ H 

Alternatively, one can characterize the spaces fP(IR n ,R) via the Fourier 
transform. For any / G L 2 (M n ,M) = H°(R n ,R), denote by / its Fourier 
transform 

/(0 := (2ir)- n / 2 [ f{x)e- ix <dx. 



Then / G L 2 (M n ,M) and ||/|| = ||/||, where ||/|| = ||/|| denotes the L 2 -norm 
of /. The formula for the inverse Fourier transform reads 



f{x) = (27T) 






When expressed in terms of the Fourier transform / of /, the operator d a , a G 
Z> is the multiplication operator 

/ H- (iO a f 
-.a _ ta.\ . . . totn ™^ n -na oon cln^ir +V,n + / a Tl(J$n 



where £ a = £" * • • •£"" and one can show that / G L (R n , K.) is an element 
in # s (R n ,R) iff (1 + |f|) fl / is in L 2 (R n ,R) and the # s -norm of /, ||/|| s = 

1/2 



(£|a|<JI* /ll 2 ) , satisfies 

CT'Wfh^ 11/117 <C B \\f\\. (4) 

for some constant C s > 1 where 

11/117:= (7 (H-I^n/W^ ' • (5) 

In this way the Sobolev space H s (R n , R) can be defined for s G R>o arbitrary. 
See Appendix |B] for a study of these spaces. 

Using the Fourier transform one gets the following approximation property 
for functions in H s (R n ,R). 

Lemma 2.1. For any s in Z>o, the subspace C£°(M. n ,M) of C°° functions 
with compact support is dense in iP(R n ,R). 



Remark 2.1. The proof shows that Lemma \2.1\ actually holds for any s real 
with s > 0. 

Proof. In a first step we show that C°°(R™,R) n H s '(M n ,W) is dense in 
iP(R n ,R) for any integer s' > s. Let x : R -> R be a decreasing C°° 
function satisfying 

x (t) = 1 Vt < 1 and x(t) = Vi > 2. 

For any / G H s (R n , R) and JV G Z>i define 

/*(*) = (27T)-"/ 2 / x (|)/(Oe^-^e. 

The support of x(^)/(0 is contained in the ball {|£| < 2A r }. Hence /jv(x) 
is in C°°(r,l) n H 8 '(R n ,W) for any s' > 0. In addition, by the Lebesgue 
convergence theorem, 

Jim / (1 + Iel) 2s (l-X(|)) 2 |/(0! 2 ^ = 0. 

In view of (JSJ), we have /jy — >■ / in .£P(R n ,R). In a second step we show 
that C£°(M n ,]R) is dense in C°°(M n ,M) n # s '(R n ,R) for any integer s' > 0. 
We get the desired approximation of an arbitrary function / G C°°(R n , R) D 
H s (R n ,R) by truncation in the x-space. For any A" G Z>i, let 

/iv(*)=x(W)-/(x). 

The support of //y is contained in the ball {|x| < 2N} and thus //y G 
C£°(R n ,R). To see that /-/jy = (l_ x (J*l))/ converges to in F s '(R n ,R), 
note that /(x) — /jv(x) = for any x G R n with |x| < A/". Furthermore it is 
easy to see that 

sup \d a (l- x ( l 4))\< M s' 

x£R n 
\a\<s' 

for some constant M s i > independent on N. Hence for any a G Z> with 
\oi\ < s', by Leibniz' rule, 

||0 o 7-0°/y|| = ||^((l- X (M))-/(x))|| 

< E ll^(i-x(#))-^/||. 



Using that 1 — X\pr) =Ofor any |a;| < iV we conclude that 

/ f \ 1/2 

||^(i -%(#))• erff\\ <mA / \dy\ 2 dx) 

\J\x\>N J 

and hence, as / G H s 



l n ,K), 



Jim \\d a f-d a f N \\=0. 

iV-^oo 



D 



To state regularity properties of elements in if s (R n ,R), introduce for any 
r G Z>o the space C r (R n ,R) of functions / : R n — > R with continuous 
partial derivatives up to order r. Denote by H/Hc the C r -norm of /, 

||/||0r= SUp SUp \d a f( X )\. 

xeR n \a\<r 

By C£(R n , R) we denote the Banach space of functions / in C r (R n , R) with 
\\f\\ C r < oo and by CJ(R n ,R) the subspace of functions / in C r (IT,R) 
vanishing at infinity. These are functions in C r (R n ,R) with the property 
that for any e > there exists M > 1 so that 

sup sup \d a f(x)\ < e. 

\a\<r \x\>M 



Then 



C5(R n ,R) c C£(ir,M) c C r ( 



By the triangle inequality one sees that CQ(R n ,R) is a closed subspace of 
C£(R n ,R). The following result is often referred to as Sobolev embedding 
theorem. 

Proposition 2.2. For any r G Z>o and any integer s with s > n/2, 
the space H s+r (W n ,W) can be embedded into CQ(R n ,R). More precisely 
H s+r {R n ,R) C C£(R n ,R) and there exists K s , r > 1 so that 

s+r/wnn wn \ 



cr < K s , r \\f\\ s+r \/feH s+r ( 

Remark 2.2. The proof shows that Proposition ^. S\ holds for any real s with 
s > n/2. 

9 



Proof. As for s > n/2 

1 :i + iei 2 r s ^ < oc 



one gets by the Cauchy-Schwarz inequality for any / G C£°(R n ,M) and 
a G Z> with \a\ < r 

sup \d a f{x)\ < (2tt)-"/ 2 / i/(oi \i\ a di 

x£R n JR" 

P 1 10 P 1 /9 

<(/ (n-iei 2 n s ^) {^r n/2 { i/(e)i 2 (i + iei 2 ) s+r ^) 

V JR" y V JR n J 

< K r Jf\\ r+s (6) 

for some K r ^ s > 0. By Lemma [2.11 an arbitrary element / G -£P +r (R n ,R) 
can be approximated by a sequence (/jv)iv>i in C£°(R n , R). As Cg(]R n , R) is 
a Banach space, it then follows from flS]) that (/jv)iV>i is a Cauchy sequence 
in C*Q(R n , R) which converges to some function / in C*Q(R n , R). In particular, 
for any compact subset K C R 71 , 

/tvIa'^/Ia- inL 2 (K,R). 

This shows that / = / a.e. and hence / G C^(R n , R). □ 

As an application of Proposition 12.21 one gets the following 

Corollary 2.1. Let s be an integer with s > n/2 + 1. Then the following 
statements hold: 

(i) For any if G V s , the linear operators d x <*p^d x Lp~ x : R n — \ R n are 
bounded uniformly in x G RtJ. In particular, 

inf det d x <p > 0. 

xeR n 

(ii) T> s — id = {(p — id | tp G T> s } zs an open subset of H s . Hence the map 

V s ^H s , y?^y?-id 

provides a global chart for T> s , giving T> s the structure of a C°° -Hilbert 
manifold modeled on H s . 



THere d x ip = d x (ip 1 ) where ip o ip = id. 

10 



(Hi) For any tp m G T> s such that 

inf det d x ip, > M > 

t/iere exist an open neighborhood U^, of ip, in V s and C > such that 

for any <p in U^, , 

inf det d x <p > M and sup d x ip~ < Ca 



xeR n 



x£\± 



Remark 2.3. The proof shows that Corollary \2.1\ holds for any real s with 
s > n/2 + 1. 

Proof, (i) Introduce 

tf\R n ) ■= {p e Diff^(R n ) I p - id e c£(R n )} 

where C^(R n ) = C^(R n , R n ) is the space of C^-maps / : R n -» R n , vanishing 
together with their partial derivatives d Xi f (1 < % < n) at infinity. By 
Proposition 12.2} H s continuously embeds into C^R 71 ) for any integer s with 
s > n/2 + 1. In particular, V s <^-> < ^' 1 (R n ). We now prove that for any 
p G ( tf 1 (R n ) J df and dip' 1 are bounded on R n . Clearly, for any p G 'if x (R n ), 
dip is bounded on R n . To show that dip' 1 is bounded as well introduce for 
any / G C^(R n ) the function F(f) : R n -»- R given by 

F(/)(s) := det (id + d x /) -1 

= det [(5n + d Xl fi)i<i< n , . . . , (5j- n + d Xn fi)i<i< n ) — 1 

where /(x) = (/i(x), . . . , f n (x)). As 

lim d Xk fi(x) = for any 1 < i, k < n 

\x\— >-00 

one has 

lim F(/)(x) =0. (7) 

\x\— >oo 

It is then straightforward to verify that F is a continuous map, 

F:Cj(R n )-»C#(R n ,R). 



*For a linear operator A : M. n — > R n , denote by |A| its operator norm, \A\ 
sup )a .| =1 |Ax| 

11 



Choose an arbitrary element ip in ^(R 71 ). Then ([7]) implies that 

Mi := inf det{d x <p) > 0. (8) 



xei 

As the differential of the inverse, d x ip~ x = (d^-iMip) , can be computed 
in terms of the cofactors of d^-iMip and 1/ det(dq,-ir x \ip) it follows from flSJ) 
that 

M<i : = sup ((ia;^ - | < oo (9) 

where |A| denotes the operator norm of a linear operator A : R n — y R n . 
(ii) Using again that V s continuously embeds into ( ^ 1 (W a ) it remains to 
prove that ^ ?1 (IR n ) — id is an open subset of C*Q(R n ). Note that the map 
F introduced above is continuous. Hence there exists a neighborhood U^ of 
ftp := ip - id in C^R 71 ) so that for any / G U<p 

sup \d x f - d x f v \ < — — (10) 

x€R" ZM 2 

and 

sup \F(f)(x)-F(f v )(x)\<^ (11) 

with M h M 2 given as in flEJ-flS]). We claim that id + / G ^(M") for an Y 
f E Up. As ip E ^ 7l (R n ) was chosen arbitrarily it then would follow that 
tf l (R n ) - id is open in C£(R n ). First note that by (jnj, 

< Mi/2 < det(id + d x f) Vx 6 R n , V/ G */„. 

Hence id + / is a local diffeomorphism on R n and it remains to show that 
id + / is 1-1 and onto for any / in Utp. Choose / G U^ arbitrarily. To see 
that id + / is 1-1 it suffices to prove that ip := (id + /) o ip" 1 is 1-1. Note 
that 

V> = (id + U + f - fa) o if- 1 = id + (/ - fo) o ip' 1 . 

For any x, y G R n , one therefore has 

ip{x) - ip{y) = x-y + (f-f ip )o ^(x) - (/ - fJ) o ip' 1 ^). 



12 



By © and (HDJ 

\{f-U)o^-\x)-{f-u)o^-\ y )\ < ^\<p-\x) -v-\y)\ 

1, 
< —\x — y\ 



and thus 



{x-y) - (ip(x) -ijj(y))\ < -z\x-y\ \/x,ye 



which implies that ip is 1-1. To prove that id + / is onto we show that Rf := 
{x + f(x) | x G M. n } is an open and closed subset of M. n . Being nonempty, one 
then has Rf = M. n . As id + / is a local diffeomorphism on IR n , Rf is open. 
To see that it is closed, consider a sequence (xk)k>i m ^ n so that y^ '■= 
x k + f( x k), k > 1, converges. Denote the limit by y. As lirni !E [_ KX) f(x) = 0, 
the sequence (f( x k)) k>1 is bounded, hence x k = yt ~ f( x k) is a bounded 
sequence and therefore admits a convergent subsequence (xfcjj>i whose limit 
is denoted by x. Then 

y = lim x ki + lim f{x ki ) 
= x + f(x) 

i.e. |/ G i?j. This shows that Rf is closed and finishes the proof of item (ii). 
The proof of (Hi) is straightforward and we leave it to the reader. □ 

The following properties of multiplication of functions in Sobolev spaces are 
well known - see e.g. j2]. 

Lemma 2.3. Let s, s' be integers with s > n/2 and < s' < s. Then there 
exists K > so that for any f G H s (R n ,R), g G H s '{R n ,R), the product 
f-g is inH 8 '{R n ,R) and 

U/-<7iU'<iq/y<?ll S '. (12) 

In particular, H s (M. n ,W) is an algebra. 

Remark 2.4. The proof shows that Lemma \2. 3\ remains true for any real s 
and s' with s > n/2 and < s' < s. 

13 



Proof. First we show that 

(i + i£i 2 r' /2 A(o = (i + i£i 2 r' /2 (/ * m) e l\w\ 

where * denotes the convolution 



(/*$)(*) = / m-v)g(v)d v . 

By assumption, 

/(0 := /(0 (1 + le| 2 ) s/2 and g{$ = §{$ (1 + |£| 2 ) s ' /2 

are in L 2 (M n ,M). Note that in view of definition ©, ||/|| = ||/||~ and 
II Q II = II Q \\7r- It is to show that 

^(i + i«iW ,' / " ( /~'!L '^L ^ 

7m« (i + If - ?/r) s/2 (i + M 2 r 7 

is square- integrable. We split the domain of integration into two subsets 
{\ V \ > |e|/2} and {|tj| < |f |/2}. Then 

,2x S '/2 /" l/(C-^)l 1^(^)1 



(1 + ^ )S / nil? ,/2 M ; U ^ 

V|^i>iei/2 1 1 + If - w ) s/ l 1 + M ) /z 

= 2'\f\*\Mt)- 
By Young's inequality (see e.g. Theorem 1.2.1 in |28J), 

||l/l*l$l||<ll/Mlsf|| 

and 

l<( f (i + iei 2 n/(oi 2 ^ ' ( f (i+\er s <%) ' 
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This implies that 

||l/l*lfifl||<c|l/IMMI?- 

Similarly, one argues for the integral over the remaining subset. Note that 
on the domain {|r/| < |£|/2} one has 

(1 + |£-??| 2 )>(1 + M 2 ) and (l + \Z-r,\ 2 )>±(l + \Z\ 2 ) 
and hence 

(1 + |£ _ ^12)5/2 > (1 + | 77 |2)(«-»')/2 2 -»'(l + |^|2)»72 

Hence 

1 m 4i<i ? i/2(i + ie-^l 2 ) s / 2 (i + H 2 ) s ' /2 ^ 

•/|ul<KI/2 (l + \r]\ 2 ) s/z 

and the L 2 -norm of the latter convolution is bounded by 

11/11 USfa)/(i + M 2 ) s/2 lb < C||/|| s |b|| < C||/|| 5 |b|| s , 

with an appropriate constant C > 0. □ 

The following results concern the chain rule of differentiation for functions 
infl' 1 (R n ,R). 

Lemma 2.4. Let ip G Diff + (M n ) with dip and d<p~ l bounded on all ofW 1 . 
Then the following statements hold: 

(i) The right translation by ip, f i— >■ R(p(f) '■= f o tp is a bounded linear 
map onL 2 (R n ,R). 



(ii) For any f G 7J 1 (IR n ,]R) 7 the composition f o p is again in H 1 ^ 71 
and the differential d(foip) is given by the map dfop-dp G L 



2mn ,M. n ), 



d(f ° <f) = (df) o<p-d(p. (13) 
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Proof, (i) For any / G L (R n ,R), the composition / o ip is measurable. As 

p det d x tp "J 
' a; el 

one obtains by the transformation formula 



Mi := inf det(d x <fi) = ( sup det d x <p ) > 



|2 1 f |2 

/^W) dx < — \f(<p(x))\ det(d x cp)dx 

and thus / o ip g L 2 (R n , R) and the right translation R^ is a bounded linear 
map on L 2 (R n ,R). 

(ii) For any / G C c °°(R n ,R), / o cp e tf^R^R) and dH holds by the 
standard chain rule of differentiation. Furthermore for any / G if^R^R), 
df G L 2 (R n , R n ) and hence by (i), (df)o^ g L 2 (R n , R n ). As ^ is continuous 
and bounded by assumption it then follows that for any 1 < % < n 



fc=i 

where <fik( x ) is the /c'th component of (p(x), (p(x) = upi(x), . . . , tp n (x)). By 
Lemma I2TT1 / can be approximated by (/jv)jv>i in C^iW 1 , R). By the chain 
rule, for any 1 < i < n, one has 

n 
d Xl (fN ° <p) = y^(d x jN) ° <P ■ d Xi (fik 

and in view of (i), in L 2 , 

n 

E{d x J N ) ° f ■ d Xi <p k — ► y2(d Xh f) o <p ■ d Xi ip k . (14) 

k=\ fc=l 

Moreover, for any test function g G C£°(R n ,R), 

- / d Xi g ■ f N o tpdx = y^ 9 ' ( dx *f N ) ° <P ' d ^¥kdx. 
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fc=l 

-2 
n n 



By taking the limit N — > oo and using ( Q3J) , one sees that the distributional 
derivative d Xi (f o <p) equals X)fc=i(^W/) ° ¥ ' ®xiPk f° r an y 1 < « < n. 
Therefore, /o^e if 1 (M n , R) and c?(/ o ip) = df o ip ■ dp as claimed. □ 

The next result concerns the product rule of differentiation in Sobolev 
spaces. To state the result, introduce for any integer s with s > n/2 and 
e > the set 



U s £ := {g E H s (R n , R) | inf ^ (l + g(x)) > e}. 
By Proposition 12. 2\ U* is an open subset of H s (W l , R) and so is 

U s := |J C/|. 

£>0 

Note that II s is closed under multiplication. More precisely, if g E C/| and 
/i G C/f , then g + h + ghE U' s . Indeed, by LemmaE^l tf/i e # fl (R", R), and 
hence so is g + /i + #/t. In addition, 1 + g + /i + gh = (1 + g)(l + h) satisfies 
infa; G M"(l + 50(1 + h) > sS and thus g + h + gh is in U*g. 

Lemma 2.5. Let s, s' be integers with s > n/2 and < s' < s. Then for any 
e > and K > i/iere exists a constant C = C(e, K; s, s') > so that for any 
f E H s '(R n , R) and g E U s e with \\g\\ s < K, one has //(l + g) E H s '(R n , R) 
and 

\\f/(i + g)\\s><c\\f\\ s , (is) 

Moreover, the map 

H s '(R n , R)xU s ^ H s '(R n , R), (/, g) m- //(l + g) (16) 

is continuous. 

Remark 2.5. TTie proof shows that Lemma \2. 5\ continues to hold for any s 
real with s > n/2. The case where in addition s' is real is treated in Appendix 

m 

Proof. We prove the claimed statement by induction with respect to s'. For 
s' — 0, one has for any / in L 2 (R n , R) and g E Uf 



e 



f 
1 + 9 



1 
< - 

£ 
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Moreover, for any f h f 2 G L 2 (R™,R), 9l ,g 2 G U t 
Ji h_ 

1+01 l+ff2 



^lli&r-T&dl < \\{h-f2) + h{92-9i) + {h-f2)gi\ 



< (1 + lbillc°)ll/i -/2II + ll/ill 11^2 — ^illc°- 

Hence by Proposition [571 



^Hlfe-lfeH^ + ^ollffilWll/i-MI+^oll/ill ll<?2-<7i|| s 

and it follows that for any £ > 

L 2 (R",R) x [7 e s -► L 2 (R",R), (/,«,) -► //(1 + ff) 

is continuous. As e > was taken arbitrarily, we see that the map (jl6|) 
is continuous as well. Thus the claimed statements are proved in the case 
s' = 0. 

Now, assuming that (I15p and (TTSj) hold for all 1 < s' < k — 1, we will 
prove that they hold also for s' = k. Take / G iJ s '(R"-, R) and g G Ug. First, 
we will prove that //(l + #) G # s '(R n , R) and 

Vi + #y 1 + 5 (i + gr 



Indeed, by Lemma [2TTI there exists (/jv)jv>i? (9n)n>i Q C%°(M. n ,M) so 
that /jv -)> / in F S '(R 7 \R) and #at ->■ # in # s (R n ,R). As U a e is open 
in i7 s (R n ,R) we can assume that {9n)n>i ^= ^e- By the product rule of 
differentiation, one has for any N>l,l<i<n 



In \ _ d x J N _ d Xt {f N g N ) - g N ■ d x J N 
1 + gNj 1 + 9N (1 + 9n) 



rs I JN \ _ VXjJN _ VXjKJNyN ) — yN VXjlN ,-, ^ 



As d Xi fN — > d x J in H s 1 (R n ,R) it follows by the induction hypothesis 

TV— >oo 

that ^ G //' s '- 1 (]R n ,]R) and 

9 x Jn , d x J ._ T '_ 1 



in iF-^R^R). (18) 



1 + gN N^>oo 1 + g 
By Lemma Q 2g N + g% (N > 1) and 2g + # 2 are in H s (M n , R) and 



2g N + g N -^ 2g + g z in i/ s (R n ,R). (19) 

AT— >oo 



As 



inf (1 + on(x)) > £ 2 and inf (l + q(x)) > e z 



it follows that 2g^ + g\ (N > 1) and 2g + g 2 are elements in C/f 2 . By Lemma 

m f N ■ 9n (n > i), 

H 3 '(R n ,R). Therefore 



fN -9n(N > l),f- g are in H s (R» R) and f N ■ g N — ► / • <? in 

TV— >-oo 



d Xi (f N • 9n) -> d^if • g) in if'-^R). (20) 

Similarly, as d Xi fN — *■ ^/ in H s _1 (M n ,M) it follows again by Lemma 

N^-oo 

that g N ■ d x J N (N>l),g- d x J are in ff'-^R", R) and 

9N-d Xi f N — ► g-d x J in if^R^R). (21) 



It follows from f lT9|) -f l2T]) . and the induction hypothesis that 

in H a '- l (R n ,R). (22) 



d Xl (fN9N) ~ 9N ■ dxjn , 3* (.fa) - • <9 S J _ i , 



(1 + ^) 2 tf->oo (l + #) 2 

In view of JTHJ) and (J22J), for any test function ft, G C^?°(R n ,R), one has for 
the distributional derivative of //(l + g) e L 2 (R n ,R), 

d Xi (j^),h) = -J Rn d Xi h- J ^dx = -\imf Rn d Xl h-j^-dx 



lim L„ h 



dx^N _ d Xi (}NgN)~gN-d Xi f n 
l+3iv (l+g N ) 2 



dx 



- f h f^d. _ d *i(f9)-9-dxj \ i 

- JR" U \l+g (1+g) 2 J UX - 

This shows that for any 1 < % < n, 



f \ = d Xi f _ d Xi (fg)-g-d x J _ ,,-,/_, ,. Ffl „ 

tl V + 9 " i + g~ (i + g) 2 



dxj _J_ = ^il. _ ^iM^l y^J e ff « -l( R n R y (23 ) 



Hence, //(l + g) E H S '(W\R). Let us rewrite (J23} in the following form 

9 r X =M_J+fl 1±£_. (24) 

X 'U + J 1 + 5 1 + 5 l ^ 
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By the induction hypothesis there exists C\ = C\(e, K; s, s') > such that 

V/ e# a ' _1 (ir,M), 

||//(l + y)||y-i<Ci||/||y_i. 

This together with (J21]) and the triangle inequality imply (TT5|) . The continu- 
ity of ( I16p follows immediately from the induction hypothesis, Lemma I2.3[ 
and (El- □ 



2.2 The topological group V s (R n ) 
In this subsection we show 

Proposition 2.6. For any integer s with s > n/2 + 1, (V s , o) is a topological 
group. 

First we show that the composition map is continuous. Actually we prove 
the following slightly stronger statement. 

Lemma 2.7. Let s, s' be integers with s > n/2 + 1 and < s' < s. Then 

H s> : H s '{R n , I)xD s 4 H s '(R n , R), {fM^f ot P 

is continuous. Moreover, given any < s' < s,M > and C > there exists 
a constant C s > = C S /(M, C) > so that for any if G T> s satisfying 

inf &et(d x u>) > M, \\u> - idlL < C 

xeR n 

and for any f G H s (R n , R), one has 

\\fov\\s><C s ,\\f\\ s , (25) 



Remark 2.6. The proof shows that Lemma 2.1 continues to hold for any 
s real with s > n/2 + 1. The case where in addition s' is real is treated in 
AppendixlBi 

Proof. We prove the claimed statement by induction with respect to s'. First 
consider the case s' = 0. By item (i) of Corollary 12. II and item (i) of Lemma 
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31 the range of /i° is contained in L 2 (R n , W). To show the continuity of fjP 
at (/.,¥?.) G L 2 (M n ,M) x V s write for (/, tp) G L 2 (R n ,W) x £> s 

\f O if - f, O if,\ < \f O if - f. O if\ + \f, O if - f, o tp m \. 

By Corollary 12. II (in) one can choose a neighborhood t/^. of 99 . in T> s so that 
for any (p G Z7p, 

inf (det cL<z>) > M 

zGR' 1 

for some constant M > 0. The term |/ o p — /. o <^>| can then be estimated 

\f op- f.op\ 2 dx<— I \f - f.\ 2 dy 

ivi j Rn 

To estimate the term \f m op — f m op,\ apply Lemma [2. II to approximate /, 
by /. G C^°(M n ,M) and use the triangle inequality 

\f*o<p- f m otp m \<\f m o<p- f m o<p\ + \f m o<p- f m o<p m \ + \f m o<p m - f m o<p m \. 

For any p G U ip% , one has 

|/. oip-f. op\ 2 dx< — / \f.-f.\ 2 dy 

M I Tan 



and 



|/. o<p m -f m o p,\ 2 dx < — I \f. - f.\ 2 dy. 



To estimate the term |/. o (p — f u o yj,| use that /. is Lipschitz on M n , i.e. 
\fm(x) — fu{y)\ < L\x — y\ for some constant L > depending on the choice 
of /., to get 



\f.otp- f m oip m \ dx < L / |<p-<p.|da;. 

Combining the estimates obtained so far, one gets for any p G U^, 

\\jop-f.op.W < M-^Wf - f.\\+2M- 1 l 2 \\f.- f.\\ 
+ L\\p - p,\\ 
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implying the continuity of // at (f.,ip.). Now assume 1 < s' < s. For any 
(/, ip) G H s '{M n , R) x £> s one has by Lemma E3] and Corollary O (i) 

d(f o (p) = df o ip ■ dcp. 

By the induction hypothesis df o ip> is an element in H s _1 (R n ,R n ). Hence 
Lemma 12.31 implies that df o ip ■ dip is in H s _1 (R n ,R ri ) and we thus have 
shown that the image of /i s is contained in H s (R n ,R). The continuity of 
/i s follows from the induction hypothesis, the estimate 

\\dfotp- dip- df. oip. ■ dtp. || s'-i < \\df oip- (dip - dip.)\\ s '-i 

+ \\(df oip-df.oip.) ■ dip.\\ s '-i 

and Lemma 12.31 on multiplication of functions in Sobolev spaces. The esti- 
mate ( )25l) is obtained in a similar fashion. For s' = 0, 

|/o^| 2 rfx<-J- f \ffdy. 

For 1 < s' < s, we argue by induction. Let / G H s (R n ,R). Then by the 
considerations above, d(f o ip) = df o ip ■ dip and df o ip g H s _1 (R n , R n ). 
By induction, \\df o ip\\ s i_i < C S '-i\\df \\s'-l- Hence in view of Lemma 12.31 
\\d(f o (^)|| s /_i < KC S '-i\\df \\s'-l and for appropriate C s > > one gets ||/ o 

<p\W < Cs'\\f\\s>- □ 

To prove Proposition 12.61 it remains to show the following properties of the 
inverse map. 

Lemma 2.8. Let s be an integer with s > n/2 + 1. Then for any ip G T> s , 
its inverse ip is again in V s and 



inv : V s -^V s , ip i-> ip^ 1 



is continuous. 



Proof. First we prove that the inverse ip^ 1 of an arbitrary element ip in V s 
is again in T> s . It is to show that for any multi-index a G Z> with |a| < s, 
one has <9 a (y2 -1 — id) G L 2 (R n ). Clearly, for a = 0, one has 

/ \ip~ — id| dx = \id — ip\ det(d y ip)dy < oo 
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as det(d y ip) is bounded by Corollary 12.11 In addition we conclude that 

V s -)> L 2 (R n ), ip M- if' 1 - id 
is continuous. Indeed, for any ip,ip. G V s , write 

^> -1 (:c) - ip^\x) = f~ l o ^.(^(a;)) - ¥> _1 ° y(¥'7 1 (a;))- 
By Corollary 12.11 (iii), it follows that for any x G M n , 

\if- 1 (x)-if~ 1 (x)\ = \(p- 1 (x)-if- 1 (ifO(f- 1 (x))\ 

< sup Ic^y?- 1 ! • \x-ipoip 9 1 (x)\ C26) 

< L\((p. -^(^(x))! 
where L > can be chosen uniformly for y? close to ip % . Hence 



/ \ip — ip m | dx < L / \ip — ip m \ det(dyip,)dy 

7r" 7m« 



(27) 



and the claimed continuity follows. Now consider a G Z> with 1 < |a| < s. 
We claim that <9 a (y9 _1 — id) is of the form 

d a {f- 1 - id) = F^ o ^T 1 (28) 

where F^ a > is a continuous map from V s with values in H s ~\ a K Then 
9«(^-i _ id) is in L 2 (R n ) as 



I \d a (ip- 1 -id)\ 2 dx= I \F^\ 2 det(d y ip)dy<oo. 



(29) 



To prove (|28|) . first note that </? and hence ip 1 are in Diff + (R n ). By the 
chain rule, 



d(ip — id) = (dcp) o ip — id n = ((dip) — id n j o ip 



-l 



where id n is the n x n identity matrix. The expression (dip) 1 — id n is of 
the form 

(c^r 1 -id B = 5 J^($-det(^)id n ) 
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where $(x) is the matrix whose entries are the cofactors of d x ip. In particular, 
each entry of $(x) is a polynomial expression of (d Xi <pj)i<ij< n . Hence by 
Lemma 1231 the off-diagonal entries of $(x) are in H s ~ 1 (M. n , W). Furthermore, 
any diagonal entry of $(x) is an element in 1 + fP _1 (R n ,R) and det(d x (f) 
is of the form 1 + g with g G H^W 1 ,^) and inf xeK n (l + g(x)) > 0. We 
thus conclude that $(x) — det(d x (p) id n is in if s ~ 1 (M n ,R rixn ) and, in turn, 
by Lemma [2.51 

(d^y 1 - id n G H^iW 1 , R nxn ) (30) 

where R nxn denotes the space of all n x n matrices with real coefficients. In 
particular, for e{ = (0, . . . , 1, . . . , 0) G Z> with 1 < i < n we have shown 
that 

d Xl ( V - 1 -id) = F^o (f -\ 

We point out that by Lemma [2731 and Lemma |2~5] F^ ei \ when viewed as map 
from V s to H s_1 , is continuous. We now prove formula (|2"5]) for any a G Z> 
with 1 < | a | < s by induction. The result has already been established for 
| a | = 1. Assume that it has already been proved for any (3 G Z> with 
\/3\ < s' where < s' < s. Choose any a G Z> with \a\ = s'. Then by 
induction hypothesis, d a (<p~ l - id) = F^ o ip- 1 with F^ G H s ~\ a \. Note 
that s — \a\ > 1 . Hence by Lemma 12.41 

^(F^o^- 1 ) = dF^ o ip' 1 ■ (d^Y 1 o ^- l 
= (dF^ -{difT^oip- 1 . 

As d Xi F^ a > G _EP~H _1 for any 1 < i < n and (dtp)- 1 — id n is in the space 
J £P- 1 (M n ,R ri><n ) it follows by Lemma ESS that 

dF^ ■ (dip)- 1 G H s -^-\R n ,R nXn ). 

This shows that ([28]) is valid for any (3 G Z> with |/3| = s' + 1 and the 
induction step is proved. Hence formula ( 128]) is proved and by ([29]) . we see 
that if^ 1 G T> s if cp G T> s . Note that we proved more: It follows from f [2T?]) 
and the continuity of F^ : P s — ¥ H s ^ a \ \a\ < s, that the map £> s — > 

H s (R n ,R n ) 

tp^ tp- 1 - id (31) 

is locally bounded. It remains to prove that the inverse map T> s — > V s , ip i— > 
•p- 1 is continuous. We have already seen that V s — > L 2 (R n ), ip —¥ ip- 1 — id 
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is continuous. Now let a G Z> with 1 < \a\ < s and ip m eD s . Then for any 
\&*(ip- 1 - v~ x )\ = \F^ o ip- 1 - F. (a) o ^| 

< | F («) ^,-1 _ F .( Q ) y,-l| + | F# («) o y," 1 - F. (Q) o <^ ~ X | 

where F, = FW . It follows from the local boundedness of (I3TT) . Corol- 
la, i » 

lary 12.11 (m), and Lemma [2.71 with s' = that 

||i?(«) o ^r 1 - F. (Q) o y,- 1 )] < C ||F( Q ) - F. (a) || 

where Co > can be chosen uniformly for f near y? # . Together with the 
continuity of F^ it then follows that ||F( Q ) o (p^ 1 — F. o <£> _1 || — > as 
if —^ (p*. To analyze the term \F* o f^ 1 — F* o f" 1 ] we argue as in the 
proof of Lemma [2771 Using Lemma |2~H one sees that ip m can be approximated 
by G V s with dp - id G C£°(R n , M n ). Then 

I T^( a ) -1 I^( a ) — ll ^ I r^(«) -1 cifa) — 1| i 

\r» o <£> — -r, o y9. | < |i*. o y? *- — b y > o if | + 

+ |F( Q ) o y?" 1 - F( Q ) o ^l + |F^ o p" 1 - F. (a) o Vt l \ 

where F^ a > = f' a ' .. For 09 near oj. one has 

Itt) r r 

/" iF^o^-F^o^fdx^ [ \Fi a) -F^\ 2 det(d y ip)dy 



and 



/" |F. (Q) o f~ l - F^ o y,.- 1 ! 2 ^ <C f |F. (Q) - F( a )| 2 ^ 



where C > satisfies sup :reK n(det d x f) < C for (p near <£>.. To estimate the 
term \F^ o c^ 1 - F( a ) o y^ 1 ] note that F^ G C c °°. In particular, F^ is 
Lipschitz continuous, i.e. 

\F^ a \x) - F^ a \y)\ <L 1 \x-y\ Vi,t/Gl n 

for some constant L\ > depending on the choice of (p. Thus 

/ \F^ o ip- 1 - F^ o tp-^dx < LJ \ip~ l - ip- x \ 2 dx 

25 



and in view of ([27]) it then follows that ||F( Q ) o ip- 1 - F^ o ^H -> as 
(p — > p>». Altogether we have shown that ||F. o ip" 1 — F* o (p. 1 ]] — >■ as 
V? — > (p». D 

Proof of Proposition \2.b\ The claimed statement follows from Lemma 12.71 
and Lemma 12.81 □ 



2.3 Proof of Theorem flTTl 

As a first step we will prove the following 

Proposition 2.9. For any r G Z>o and any integer s with s > n/2 + 1 

fi : H s+r (R n , R d ) x V s ->■ F s (R n , R d ), («, ^)^mo V (32) 

is a C 7 " -map. 

The main ingredient of the proof of Proposition I2.9l is the converse to Taylor's 
theorem. To state it we first need to introduce some more notation. Given 
arbitrary Banach spaces Y, X\, . . . , Xk, k > 1, we denote by L(X\, . . . , X^\ Y) 
the space of continuous fc-linear forms on X\ x . . . x X^ with values in 
Y. In case where X{ = X for any 1 < i < k we write L (X; Y) in- 
stead of L(X, ...,X;Y) and set L (X;Y) = Y. Note that the spaces 
L(X; L (X;Y)) and L (X;Y) can be identified in a canonical way. The 
subspace of L (X; Y) of symmetric continuous fc-linear forms is denoted by 
L m (X]Y). The converse to Taylor's theorem can then be formulated as 
follows - see |T], p. 6. 

Theorem 2.2. Let U C X be a convex set and F : U — \ Y , fa : U — > 

Lg (A; Y),k = 0, . . . , r. For any x G U and h G A so that x + h G U , 
define R(x, h) G F by 

T 

F{x + h) = F(x) + Y fk{x){h h) + 
*-^ k\ 

fe=l 

If for any < k < r, fa is continuous and for any x G U , \\R(x, ^)||/||^|| r — > 
as h — >■ then F is of class C r on U and d k F = f^ for any < k < r. 

To prove Proposition 12.91 we first need to establish some auxiliary results. 
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Lemma 2.10. Let s be an integer with s > n/2 + 1. To shorten notation, 
for this lemma and its proof we write H s instead of H s (W n ,W). Then for 
any k > 1, the map p^ given by 

Pk :H s xV s -> L k sym (H s ;H s ) 



(u,(p) i-> 



(hi,...,h k ) i-+ (nop) ■ Y[h 



i 



is continuous. 



Proof of Lemma \2.1(K First we note that the map p k is well defined. Indeed 
for any (u, p) G H s x V s , the function u o p is in H s by Lemma [2.71 Hence 
by Lemma 12.31 f° r an Y (h-i)l<i<k Q H s the function u o p ■ IX =1 hi is in 
H s . It follows that pk(u, p) G L k ym (H s ; H s ). To show that pk is continuous 

consider arbitrary sequences {fi)i>i C V s and (ui)\>\ C if s with <£>/ — ^ <£> in 

rs 



V s and ttj — > u in if s . By Lemma [2.31 one has for any (hi)i<i<k Q H s 

k k k 

\\(uof) \\hi - (uiotpi) Y[ hi\\ s < K k+1 \\uof-uioif l \\ s • JJ||/ii|| a . 
i—1 i—1 i—1 

As \\u o f — m o ifi\\ s — > for I — > oo by Lemma 12. 7[ the claimed continuity 
follows. □ 

Lemma 2.11. Let s be an integer with s > n/2 + 1. Given p>, G T> s choose 
e > so small that inf^gRn det^yj.) > s. Then there exists a convex 
neighborhood f/CD s of if. and a constant C > with the property that 

inf det( d x f) > e and II cc — idlL < C \/(p E U. 

Furthermore, there is a constant C s = C s (e,C), depending on e and C so 
that for any f G H s+1 (R n , R) and p e U 

\\foip-fo cf.\\ s < C s \\f\\ s+ i\\<f - p.\\ s . (33) 

Proof of Lemma \2.11\ The first statement follows from Corollary 12.11 (Hi). 
With regard to the second part note that by Lemma 12.71 it suffices to prove 
estimate (JM} for / G C£°(lR n ,R) as C^(R n ,R) is dense in H s+1 (R n , R) by 
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Lemma [2.11 Introduce Sif(x) = <p(x) — f»{x) and note that if, + tbip is in 
U for any < t < 1 as U is assumed to be convex. By Proposition 12. 2\ 
if G Diff + (M n ). For any x G M n consider the C -curve, 

[0, l]^M n , t++fo(ip m +t8ip)(x). 

Clearly, for any x G M n , 

I' 1 d 
f o <p(x) - f o <p m (x) = / —(fo((p. + tS(p)(x))dt 

= / { d (<p,+t8<p){x)f) ■ S( P( X ) dt ( 34 ) 

JO 

By Lemma [2.71 

* ^ d <p.+t5tpf ■5ip = dfo (p. + tSip) ■ 5ip 

is a continuous path in H s , hence it is Riemann integrable in H s and we have 
that equality ( )34|) is valid in H s . Hence, 

\\f Of- f Olf,\\ s < I Wdtp.+tSyf ■ Slf\\ s dt. 

Jo 



Estimate ( 1331) then follows using Lemma 12.31 and Lemma 12.71 



□ 



Lemma 2.12. Let s be an integer satisfying s > n/2 + 1. To shorten nota- 
tion, for the course of this lemma and its proof, we write again H s instead 
of H s (M. n ,M.). Then for any k > 1, the map v\- given by 



v k :V s -+ L(H s+1 ;L k s -l(H s ;H s )) 



if \— > 



fc-1 



(h, hi,..., hk-i) m- (h o ip) ■ Y[ k 



i=\ 



is continuous. 



Remark 2.7. Note that L (H sJrl ;L k yi ^(H s ;H s )) isometrically embeds into 
L k sym (H s+l x H s ; H s ) in a canonical way. 



28 



Proof of Lemma l2.1S[ For any h G H s+1 , (/ij)i<i<fc_i C H s and tp, <p, G V s , 
we have in view of Lemma 12. 3[ 

fc-i fc-i fe-l 

||(/ioyj) • _Q/ij- {ho ip % ) ■ \\hi\\ s < K k ~ l \\ho ip- hoip m \\g • Y[ \\hi\\s- 
i—l i=l i—1 

By Lemma 12.111 there exists C s > so that for ip in a sufficiently small 
neighborhood of <£>,, 

||/io <p - ho p,\\ s < C s \\p - p.\\ s \\h\\ s +i- 

This shows the claimed continuity. □ 

Proof of Proposition \2.9i . To keep notation as simple as possible we present 
the proof in the case where d = n. The case r = is treated in Lemma 12. 7\ 
hence it remains to consider the case r > 1. We want to apply the converse of 
Taylor's theorem with U = H s+r x V s , viewed as subset of X := H s+r x H s 
and Y := H s . Let u, 5u G H s+r and p G V s , 5p G H s be given. By 
Proposition I2.2[ u,8u G C r (lR n ,lR n ). Hence by Taylor's theorem, for any 
x G K n , u((p(x) + 8<p(x)) is given by 



k—l \a\=k 

where S(p(x) a = 5ipi(x) ai ■ ■ ■5ip n (x) OLn and Ri(u,(p,6ip)(x) is defined by 
J2 \—\ I (i-t) r ~ 1 ((d a u)(p(x)+t5 V (x)) -d a u(p(x))\ -5p(x) a dt 

\a\—r 

Similarly, 8u(<p(x) + S<p(x)) is given by 
r-l 

5u(<p(x))+J2 Yl — (^"JM*)) ■Sp(x) a + R 2 (6u,p,5ip)(x) 

k—l \a\—k 
with R2(6~u,(p,6~(p)(x) defined by 

Y j — } f (1 - t) 7 "- 1 (d Q 5u) (<^(x) + %>(z)) ■ ^(x) Q (it j . 



'0 

a \=r 
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Note that for any x G M n the integrals appearing in the definition of the 
remainder terms R\ and R 2 are well-defined as Riemann integrals. Indeed, 
as u, Su G C r (R n ,M ri ) we see that for any x G M. n these integrands are 
continuous functions of t G [0,1]. By Lemma 12.71 (continuity of compo- 
sition) and Lemma 12.31 (continuity of product), the integrands appearing 
in the remainder terms R\ and R 2 can be viewed as continuous curves in 
H s , parametrized by t and hence are Riemann integrable in H s . Hence 
the pointwise integrals are functions in H s . Furthermore, when viewed as 
fP-valued curves, the integrands depend continuously on the parameters 
(u, ip, Su, Sip) G H s+r xV s x H s+r x H s by Lemma O and Lemma O 

In the following we denote by B b+r (u») the ball in H s+r of radius e, 
centered at u, G H s+r , 

B b £ +r \u.) = {uE H s+r I ||u - u.\\ s+r < e}. 

For (u.,(p.) G H s+r x V s , set U x = B s + r (u.) C H s+r and U 2 = B s e (ip m - 
id) C H s , where we choose e small enough to ensure that id + U 2 C V s . 
Furthermore, define the subset V C H s+r x V s x H s+r x H s by 

V={(u,(p,6u,8<p) G H s+r xV s xH s+r xH s \ (u+Su,ip+Sip) G U 1 x(±d+U 2 )}. 

In view of the considerations above, we get for (u, ip, Su, Sip) G V the following 
identity in H s 

(u + Su) o (ip + Sip) = u o ip> + >► — -y — (5m, 5y?) + R(u, ip, Su, Sip) 

fc=i 

where (<5w, <5</?) fc stands for ((£u, 5<p), . . ., (Su, Sep)) and for any 1 < k < r, 
r]k(u, ip) is an element in Lg ym (H s+r x H s ; H s ), given by 

Vk (u,ip)(Su,S V ) k =Y^-(d a u)o V .S V a + V ^(0°*i) o p • V"- 

|a|=fc |a|=fc— 1 

The remainder term i?(w, </?, <kt, Sip) is given by 

-R(m, ip, Su, Sip) = Ri(u, ip, Sip) + R 2 (Su, ip, Sip). 
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Lemma 12.101 and Lemma 12.121 together with Remark 12.71 show that for any 
k = l,...,r, 

Vk : H s+r xV s -+ L k sym (H s+r x H s ; H s ), (u, <p) H- Vk (u, <p) 

is continuous. Moreover, by Lemma [2.71 and Lemma [2.31 

\\R\(u,ip,8ip)% 



\a\=r 



(\\5u\\ s+r + \\5<p\\ a y ,fr J _ <x\ o<t<i 

and 

\\R 2 (5u,(p,5(p)\\ 



< 7 —7 sup \\d a u o (<z> + tSip) — d a u o <p|L — y 



< V -1 SUp ||(d a (k{)o(y> + %>)|| s -K). 



\a\=r 



as ||<fy?||s + ||^||s+r - >• 0. By Theorem I2.2[ it then follows that \x is a C r 
map. D 

Proposition 12.91 together with the implicit function theorem can be used to 
prove the following result on the inverse map. 

Proposition 2.13. For any r G Z>o and any integer s with s > n/2 + 1 

inv : V s+r ^ £> s , ip^ ip- 1 (35) 

is a C r -map. 

Proof. The case r = has been established in Lemma 12.81 In particular we 
know that for any cp G V s , its inverse <£> _1 is again in V s . So let r > 1. By 
Proposition 12.91 

fj, : V s+r xDM V s , (<p,tlj)^<potjj 

is a C r -map. For any ip G V s+r , consider the differential of ip \- > fi(<p,ip) at 
ip = ip~ l 

d^n(<p, •) l^^-i : H s -» H s , ty^dtpo <p~ l ■ 6if>. 

As r > 1, we get that dip^ipotp- 1 g H s (R n ,R nxn ). In fact, d^(tp, -)\ _ x 
is a linear isomorphism on H s whose inverse is given by Sip h- >■ (t/(/?) _1 o t^ -1 ■ 
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Sip. Note that by Lemma E3 {dip)- 1 o ip" 1 G H s (R n , R nxn ) and by Lemma 
12. 3[ Sip H- (dip)- 1 oip- 1 • Sip is a bounded linear map H s — >■ if s . Furthermore 
the equation 

//(</?, V) = id 

has the unique solution ip = ip" 1 £ V s . Hence by the implicit function 
theorem (see e.g. [22]), the map inv : T> s+r —$■ V s , ip i— > ip" 1 is C r . D 

Proof of Theorem \l.l[ Theorem 1 1.1 1 follows from Proposition 12.91 and Propo- 
sition EC5 □ 

2.4 Sobolev spaces H S {U,R) 

In SectionH]we need a version of Proposition 12 .91 involving the Sobolev spaces 
H S (U,W) where U C R n is an open nonempty subset with Lipschitz bound- 
ary. It means that locally, the boundary dU can be represented as the graph 
of a Lipschitz function - see Definition 3.4.2 in |28)§l . Let s E 7L>§. By 
definition, H S (U, R) is the Hilbert space of elements / in L 2 (U, R), having 
the property that their distributional derivatives d a f up to order \a\ < s are 
L 2 -integrable on U, endowed with the norm ||/|| s where ||/|| s = (/, f)J and 
(•, •) denotes the inner product defined for /, g & H S (U,W) by 



(/.»>.= E [ d a f(x)d a g(x)dx. 



\a\<s" U 

Further we introduce F s (£/,R m ) := F s ([/,R) m The spaces H*(U,R) and 
if S (M"', R) are closely related. Recall that a function / : U — > R is said to be 
C r -differentiable, r > 1, if there exists an open neighborhood V^ of U in R n 
and a C""-function g : V — > R so that / = g\jj. We denote by C r (U, R) the 
space of C r -differentiable functions / : U — > R and by Cq(U, R) the subspace 
of C r (U, R) consisting of functions / : C7 — > R, vanishing at oo, i.e. having 
the property that for any e > 0, there exists M = M e > so that 

sup sup \d a f(x)\ < e. 

x€U,\x\>M \a\<r 



§cf. §4.5 in [2] 
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Furthermore, we denote by CT(U, R) the subspace of C r -differentiable func- 
tions / : U — > R so that / and all its derivatives up to order r are bounded, 

sup sup |<9 a /(x)| < oo. 

x£U\a\<r 

In a similar fashion one defines C°°(Z7,R), C$°(U,R), and Cf?(U,R) and 
corresponding spaces of vector valued functions / : U — > R m . 

The following result describes how H S (U, R) and if s (R n ,R) are related - 
see e.g. [28], Theorem 3.4.5, Theorem 5.3.1, and Theorem 6.1.1, for these 
well known results. 

Proposition 2.14. Assume that the open set U C R n has a Lipschitz bound- 
ary and s G Z>o- Then the following statements hold. 

(i) {f\u\fe C c °°(R n ,R)} is dense in H S (U,R). 

(ii) The restriction operator, fP(R n ,R) — > H S (U,R), f i— > f\ U; is con- 
tinuous with norm < 10. Moreover, there is a bounded linear operator 
E : H 8 (U,R) ^ H s (R n ,R), so that f = (Ef)\ v for any f in H S (U,R). 
E is referred to as extension operator. 

(Hi) For any integers s,r G Z>o with s > n/2, 

H s+r (U,R)^C^(U,R) 

and the embedding is a bounded linear operator. 

The following result is needed for the proof of Lemma 12.171 below. As usual, 
we denote by L q (U, R) the Banach space of L^-integrable functions / : U — )■ 
R. For a proof of the proposition see e.g. Theorem 5.4 in [2]. 

Proposition 2.15. Assume that the open set U C R n has a Lipschitz bound- 
ary and let s G Z>o. Then the following statements hold: 

(i) IfO<s< n/2, then for any 2 < q < r^|-, 

H S (U,R)^ L q (U,R) 
is continuous. 



"This statement holds for any open set U C R" with dU not necessarily Lipschitz. 
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(ii) If s = n/2, then for any 2 < q < oo, 

H s {U,R)^L q {U,R) 
is continuous. 
Combining Proposition 12.141 and Lemma 12.31 one obtains the following 

Lemma 2.16. Assume that the open set U C R n has a Lipschitz boundary. 
Let s,s' be integers with s > n/2 and < s 1 < s. Then there exists K > 
so that for any f G H S (U,R) and g G H s (U, R), the product f ■ g is in 
H S '(U,R) and 

\\f ■ g\\s> < K\\f\\ s \\g\\ s , 

In particular, H S (U,W) is an algebra. 

We will also need the following variant of Lemma 12.161 

Lemma 2.17. Let U C R n be a non-empty, open, bounded set with Lipschitz 
boundary and let s > n/2, s G Z>o- Then for any r > 2 and any k = 
(ki, . . . , k r ) G Z> with X/?'=i kj — s > the r-linear map, 

H s ~ k ^U,R)x...xH s - k ^(U,R)^L 2 (U,R), (/ 1} . . . , f r ) ^ h ■ ■ ■ f r (36) 

is well-defined and continuous. 

Proof. First note that the map 

C° b (U, R) x L 2 (U, R) -)> L\U, R), (f h f 2 ) H- /i • f 2 

is continuous. Combining this with Proposition 12.141 (in), one sees that it 
remains to prove that the map (136]) is well-defined and continuous for any 
r > 2 and any k = (k\, . . . , k r ) G Z> with X/f=i fy — s anc ^ 

n 
s-kj--<0, 1 < j < r. (37) 

In what follows we assume that ( )37|) holds. Divide the set / := {j G N | 1 < 
j < r} into two subsets, / = /< U Io, 

n 
/< := {jeI\s-kj--< 0} 
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and 

ft 
I :={jeI\s-kj-- = 0}. 

By Proposition I2.15[ for any j G I<, 



H 9 -»{U,R)^L*{U,R), % = - nfn (38) 



and for any j G Jo, 

ff a_ ** ([/, R) M- L* ([/, R), Vgj > 2. (39) 

We choose qj as follows: If / = Iq then choose g/ > 2,j G /, so that 



111 

- + ■■• + -<-. 40 

91 <?r 2 



If I< ^ one has by ([38 



?• 



ri = r f 1 s ~ k A <:_H + Iy- fc . 

^ <7i ^-^ V 2 n I 2 n n ^ J 

As by assumption, 52j=i ^i — s an< ^ s > n /2 one g e ^s 

El 1 . „. 1 . . s 1 r — 1 /n \ 1 
— < - + (r - 1)- - (r - 1)- = - + s < -. 
g ? - _ 2 v ; 2 v n 2 n V2 7 2 

Hence by choosing for any j G Jo Qj > 2 large enough we can ensure that 
also in the case where I < ^ (|40p holds. Altogether we have shown that 
there exist qj > 2, j G / so that (13"8"|) . (I3"9~j) . and 

111 
_ + < _ 4i 

qi q r ~ 2 l ; 

hold. Thus o = ( — + ••• — ) > 2. It follows from the generalized Holder 

^ \qi ir J — ° 

inequality that the r-linear map 

L^ ([/, R) x • • • x L* ([/, R) -> L«(?7, R), (/i, . . . , f r ) ^ h ■ ■ ■ f r 
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is continuous. As U C M n is bounded and q > 2, 

L q (U,R) ^ L 2 (U,R) 

and the inclusion is continuous. Hence, the r-linear map 

L*{U,R) x • • • x L*(U,R) -» L 2 (£/,M), (A, . . . , f r ) ^ h ■ ■ ■ f r 

is continuous as well. This together with the continuity of the embeddings 
( 158]) and ( 159|) implies that the map (I3"6"j) is well-defined and continuous for 
any k G Z> satisfying X/i=i kj — s anc ^ (03)- ^ 

Let C/ C R n be a bounded open set with Lipschitz boundary and s > n/2+1, 
s G Z> . Denote by V s (U,R n ) the subset of H s (U,R n )( C C^K 71 )) 
consisting of orientation preserving local diffeomorphisms tp ; U —¥ M. n that 
extend to bijective maps ip : U — >■ y(C/) C ]R n and such that 

in|_det(4^) > 0. (42) 

More precisely, 

£>*(£/, M n ) := {</? G # s ([/,M n ) I </? : U -> M n is 1-1 and inf_det(4</>) > 0}. 

rr€t/ 
Lemma 2.18. V S (U, M. n ) is an open subset in H s (U,M. n ). 

Proof. In view of Proposition 12.21 and Proposition 12.141 (ii), D s (U,M. n ) can 
be continuously embedded into C 1 (M n ,IR n ), 

V s (U,R n ) CC\R n ,M n ). 

Take an arbitrary element tp G T> S (U, M. n ). For e > denote by B £ the open 
e-ball centered at zero in H s (U,W a ). As U is compact one gets from (j42l) 
and the inverse function theorem that there exists e > such that for any 
/ G B e , the map 

ip : U -> M n , ip:=tp + f (43) 

is a /oca/ diffeomorphism. Strengthening these arguments one sees that there 
exist £ > and 5 > such that for any f E B £ and V x, y G £/", x ^ y, 

\x-y\ < 5 =>■ ip(x) ^ tp{y) . (44) 
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In fact, following the arguments of the proof of the inverse function theorem 
one sees that for any x G U there exist e x > and an open neighborhood U x 
of x in M n such that for any / G B £x the map 

ip\ v :U x ^R n 

is injective. Using the compactness of U we find xi,...,x n G U such that 
Uj =1 U Xj ^ C/. Take, e := min e^.. Then, assuming that (jHJ) does not hold, 

l<j<n 

we can construct two sequences (pj)i<j<n and (Qj)l<j<n of points in £/ and 
(fj)i<j<n ^= B £ such that 

0< bj-gjl < 1/j and i/>j(pj) = if>j(qj) (45) 

where r/y := <£> + /j. By the compactness of U, we can assume that there 
exists p £ U such that lim pj = lim g? = p. Taking j > 1 sufficiently large 

j-^oo j—too 

we obtain that pj, gj G £/ p , and therefore ipjipj) ^ ipjilj)- As this contradicts 
( H5|) . we see that implication (jHJ) holds. 

Further, we argue as follows. Consider the sets 

A s := {x,y EU\\x-y\< 6} 

and 

JC S :=UxU\A 5 . 

As K-s is compact and tp ; U —¥ M. n is injective, 

m := min \<p(x) — <p(y)\ > . 

(x,y)eJCs 

This implies that Vx, n G £7, x ^ y, 

\<p{x) — ip(y)\ < m =>- \x — y\ < 5 . (46) 

By taking e > smaller if necessary, we can ensure that for any / G B £ , 

\\ip-(p\\co < m/2. (47) 

Finally, assume that there exists / G B e so that the map if) : U — > M. n , 
if) = (p + f, is not injective. Then there exist x, y G U, x ^ y, so that 

V>(x) = ^(n) . 
37 



This together with (14 7p implies that 

\ip(x) -<p(y)\ <m. 

In view ( 144")) and (|4"6]) we get that ip(x) 7^ ip(y)- This contradiction shows 
that ip is injective. □ 

Proposition 2.19. Let U be an open bounded subset in W 1 with Lipschitz 
boundary. Then for any d,r,s G Z>o with s > n/2 + 1 

ix : H s+r (R n , R d ) x V S (U, R n ) -> H S (U, R d ), (/ )¥ >)^/o V 

is a C r -map. 

In view of Proposition 12 . 14[ the proof of Proposition 12. 91 can be easily adapted 
to show Proposition 12.191 We leave the details to the reader. 

Corollary 2.3. Under the assumption of Proposition IKJR the right trans- 
lation by an arbitrary element tp g V S (U, R n ) ; 

R v :H s {R n ,R d ) ^H s (U,R d ), f^fo<p 

is a C°°-map. 

Proof. By Proposition 12.191 R^ is well-defined and continuous. As R^ is a 
linear operator it then follows that R^ is a C°°-niap. □ 

As an application of Corollary 12.31 we get the following result. 

Corollary 2.4. Let U, V C K n be open and bounded sets with Lipschitz 
boundary and let tp : U —¥ V be a C x ' -diffeomorphism with tp G C°°(U,M. n ) 
and tp^ 1 G C°°(V, R n ). Then for any given s > 0, s G Z>o, the right 
translation by tp, 

R ip :H s (V,M)^H 8 (U,R), f^fotp 

is a continuous linear isomorphism. 

Finally, we include the following result concerning the left translation. Re- 
call that for any given open subset U C MJ 1 , we denote by C£°(U, M n ) the 
subspace of C°°(F,R n ) consisting of all elements / G C°°(Z7,M n ) so that / 
and all its derivatives are bounded on U. 
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Proposition 2.20. Let m,d,s G Z>o with m, d > 1 and s > n/2 and let U 

be an open bounded subset ofR n with Lipschitz boundary. Then for any g in 
C£°(R m ,R d ), the left translation by g, 

L g :H s (U,R m )^H s (U,R d ), f^gof 

is a C°°-map. 

Proof. We begin by showing that L g is continuous. Note that by Proposition 
12.144 the extension operator 

E : H s (U,R m ) -> H s (R n ,R m ) 

is a bounded linear operator, \\E\\ < oo. By Proposition 12.21 the embedding 
H s (R n ,R m ) ^ C$(R n ,R m ) is continuous and for any / G H s (U,R m ), 

\\E(f)\\co < K s , \\E(f)\\ s < K., \\E\\ 11/11,. (48) 

As g is continuous and bounded, g o E(f) is in C®(R n , R ) and hence g o f 
in C®(U, R d ). Furthermore 

C 6 °(R n , R m ) -> C 6 °(R n , R d ), h^goh 

is continuous. More precisely, for hi, h 2 G C?(K n , R m ) 

\\g o hi - g o h 2 \\ c o < L\\hi - h 2 \\ c o (49) 

where L : = sup^^m \d x g\ < oo. As for any f\, f 2 G H S {U, R m ), 

gofi-gof 2 = (go E(fi) -go E(f 2 ))\ u 

it follows from the boundedness of the restriction map, ( 14B1) and ( 1491) . that 



\\g° fi -g°f2\\c°(u) < ll#° Wi) -^°^(/2)||c7» 

< L \\E(h) - E(f 2 )\\ C o < LK 8) o\\E\\ ||/i - / 2 || s . (50) 

In particular, H S (U, R m ) — >• C^(U, R d ),f H- g o / is Lipschitz continuous. 
Take / G H S (U, R m ). By Proposition 12.141 (£), there exists a sequence 
(/ (fc) )fc>i, f {k) e C™(R n ,R m ), such that 



./ 



(ft) 



— 7- / as fe — 7- oo (51) 
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in H s (U,W m ). Using the chain and the Leibniz rule we see that for any 
k > 1, 1 < i < d, and any multi-index a G Z> with \a\ < s, d a (gi o f(>) is 
a linear combination of products of the form 

d f) g i ofto-dmfW..-dr*-fW (52) 

where j3 G Z> with \f3\ < \a\, r G Z>o with r < \a\ and 71, . . . ,j r G Z> 
with 71 + . . .jr = a. It follows from (|50|) and ( ISTj) that for any \f3\ < \a\, 
and for any 1 < i < d, 



as fc — i- 00. Moreover, by (151]) . for any 1 < p < r, 



9 7 P/ 



p f (*) 



Jp 



->■ 



[7 



<9>/ ip inif s -l>l(?7, 



(53) 



(54) 



As Y^ T j=i It? I = l a l — s ; we § e ^ from (|53|) . (1541) . and Lemma [2. 171 that 



^ft o / (fc) ■ ^VJf } " " " d^ff) \ v -»- 0*fl o / ■ 571^ . . . 5 > /: 



Jr 



in L (U, ffi.) as A; —7- 00. In particular, for any test function yj G C^°(U), 



lim 

k— >-oo 



y> (ix 



= I [d g i of.d^f jl ---d^f jr ]- l pdx. 
Furthermore, by (15D1) . 

(d a ( gi of), v } = (-l)N / (fto/)(i)S°^)& 

= lim(-l)l Q l / (g i of { ^){x)d a ip{x)dx 



lim 



5 Q feo/«)(x)^(x)rfx. 



(55) 



Combining this with (152]) and (155]) we see that for any a in Z> , |a| < s, the 
weak derivative d a (giof) is in L 2 (U, M). As d a (giO /) is a linear combination 
of terms of the form 
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with ^7=1 Ij = a it follows from (150 j) and Lemma 12.171 that the map 
H a (U,R m ) -» L 2 (U,R), 

is continuous. This shows that 

H s (U,R m )^H s (U,R d ), f^gof, (56) 

is continuous. To see that L g is C r -smooth for any r > 1 we again apply 
Theorem 12.21 Let /, Sf be elements in H S (U, M. m ). Expanding g at f(x), 
x £ U arbitrary, up to order r > 1, one gets 



g{f(x) + 6f(x)) = g(f( x )) + J2J2^( da 9){m)^f 



(x 



i=l \a\—i 



+ R(f,Sf)(x) 

where 5f a (x) = Yli=i $fi(. x ) ai an d the remainder term R(f, Sf) is given by 
R(f,5f)(x) = E^/( 1 - t )" 1 (^( /(l)+t5/(l) ' 

i _ i J u 



(d a g)(f(x))J5f a (x)dt. 
By ( 1561) . for any a G Z> , 

# s ([7, M m ) -> # s (£7, R d ), / h4 9 Q ^ o / 



(57) 



is continuous. In view of Lemma T2. 161 (cf. also Lemma \2. 101) . d a g o f can be 
viewed as an element in L{ a J m {H s (U,R), H s (U,M. d )), defined by 



(<%)i<j<H ^d a go f 



5hi 



3=1 



and the map 

H s (U,R m ) ^ L[ a y L{H s (U,R),H s (U,R d )), f^d a gof 
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is continuous. Similarly one sees that R(f, 5f) is in H S (U, R ) and by Lemma 

mm 



IW,*/)II* 



< K r+i J2 -. sup \\d a g o (/ + tSf) - d a g o f\\ s . 



lOTS ~ ,V « ! (KW 



\ol \—r 



By the continuity of the map (1571) it then follows that 

iivii.-* ww, 

Hence Theorem 12.21 applies and it follows that L g is C r -smooth for any r > 
1. D 

When applying Proposition 12.201 we will need the following simple Lemma. 

Lemma 2.21. Let U C R n be a bounded domain. If g e C°°(U,R) then 
there exists g G C^?°(R n ,R) such that g\jj = g. 

The following result easily follows from Proposition 12.141 (ii). 

Lemma 2.22. Let U C R n be an open subset in R n with Lipschitz boundary 
and let s > re/2. Then for any f e H s (U,R d ) and <p e C~(R n ), <^ ■ / G 

if s (f/,R d ). 

3 DifFeomorphisms of a closed manifold 

In this section we prove Theorem 11.21 The main results used for the proof 
- in addition to the ones of Proposition 12.191 Proposition 12.201 an d Lemma 
12.211 - are summarized in Section [37T1 and will be proved in Section HI 

3.1 Preliminaries 

Let M be a closed manifold of dimension re and iV a manifold of dimension 
d. Further let s be an integer, s > re/2. Recall that a continuous map 
/ : M — > N is said to be an element in H S (M, N) if for any point x G M, 
there exist a chart x '■ M —> U CM. n o£ M, x eU, and a chart re : V ->■ V^ C R d 
of JV, /(x) G V, such that /(W) C V and 
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is an element in H S (U, R ). Note that if x '■ U — > U and rj : V — )• V are two 
other charts such that x ElA and /(Z/) C V, then rjofox^ 1 is not necessarily 
an element in H S (U, R ). As an example consider M = T = R/Z, iV = R 
and let / : (-1/2, 1/2) ->• R be the function 

/ x 2 /3, xe [0,1/2) 
/l j, "\ (-x) 2 / 3 , x 6 [-1/2,0) • 

Extending / periodically to R we get a function on T that we denote by the 
same letter. It is not hard to see that / e i? 1 (T, R). Now, introduce a new 
coordinate y = x 2 on the open set (0, 1/2) C T. Then f(y) := f(x(y)) = y 1 '^, 
y e (0,1/4). We have, f\y) = l/(3y 2 / 3 ), and hence, /' <£ L 2 ((0, 1/4), R). 
This shows that / i ^((O, 1/4), R). 
With this in mind we define 

Definition 3.1. An open cover (V(i)iei of M by coordinate charts Xi '-Ui-$ 
Ui C R n , % E /, is called a cover of bounded type, if for any i,j El with 

x j ox; 1 eC^( Xl (^nu J ),R n ). 

Definition 3.2. Assume thatUj = {V(i)iei is a cover of M and V/ = (Vi)ie/ 
is a collection of charts of N. The pair (Ui,Vi) is said to be a fine cover if 
the following conditions are satisfied: 

(CI) I is finite and for any i E I , Xi '-Ui — > Ui C R n and r)i : Vj — >■ V{ C R d 
are coordinate charts of M respectively N; U{ and Vi are bounded and 
have a Lipschitz boundary. 

(C2) Uj [V/] is a cover of M [Uj e /Vj] of bounded type. 

(C3) For anyi,j E I, the boundaries ofxi{Mi^Mj) and rj^ViilVj) are piece- 
wise C 00 -smooth, i.e. they are given by a finite (possibly empty) union 
of transversally intersecting C x '-embedded hypersurfaces in R n respec- 
tively R d . In particular, Xi^Mi HWj) and i]i(Vi fl Vj) have a Lipschitz 
boundary. 

Fine covers (Uj, Vj) will be used to construct a C^-differentiable structure of 
H S (M,N). To make this construction independent of any choice of metrics 
on M and N, the notion of a fine cover does not involve any metric. 
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Definition 3.3. A triple (Wjr, Vj, /) consisting of f G H S (M,N) with s > 
n/2 and a fine cover (Uj, Vj) is said to be a fine cover with respect to / if 
filii) (£ Vi for any i & I, i.e., f{Ui) is compact and contained in Vj. 

Lemma 3.1. Let f G H S (M, N) and s > n/2. Then there exists a fine cover 
(Uj,Vi) with respect to f. 

Proof. To construct such a fine cover choose a Riemannian metric qm on 
M, a Riemannian metric gjy on N, and p > 0, so that 2p is smaller than 
the injectivity radius of the compact subset f(M) C N with respect to the 
Riemannian metric gjy. Note that f(M) is compact as M is compact and 
/ is continuous. Furthermore, / : M — > N is uniformly continuous. Hence 
there exists r > with 2r smaller than the injectivity radius of (M, gju) so 
that distg N (f(x), f(x')) < p for any x,x' G M with dist 5M (x, x') < rUJJ For 
any x G M define 

U x := exp x (B r ) and U x := B r C T S M = R n 

where S r denotes the open ball in T X M of radius r with respect to the inner 
product gM{%) and exp x : T X M — >• M denotes the Riemannian exponential 
map at x. The map \x '■ U x — > U x is then defined to be the restriction 
of the inverse of exp x to U x , which is well defined as 2r is smaller than 
the injectivity radius. Hence Xx is a chart of M. Assume that there exist 
points x, x' G M, x ^ x' and p G dlA x fl dU x >, so that the boundaries of the 
geodesic balls U x and U X ' do not intersect transversally at p. We claim that 
in this case IA X C\U X > = 0. Indeed, as dist gM (x,p) = r, dist gM (x',p) 



r. 



and as 2r is smaller than the injectivity radius of (M, g^) there exists a 
minimal geodesic connecting the points x and x' . In view of the assumptions 
that x 7^ x' and dlA x and dU x / do not intersect transversally in p it then 
follows that p lies on the above geodesic between x and x' and dist 5M (x, x') = 
2r, hence U x fl W^/ = 0. Therefore, for any x, x' G M, x ^ x', dU x and 
dU x i either do not intersect at all or intersect transversally. In a similar 
way we construct charts rjf(x) '■ Vf(x) ~^ Vf(x) — ^ d ' x e M, where now 
Vf(x) Q Tf( x \N = M. d is the open ball of radius p in TjmN centered at and 
Vf(x) = ( ex P/(x)|x/ ) _1 - Here exp^ x \ denotes the Riemannian exponential 



"Here dist ffM and dist 9JV denote the geodesic distances on (M,g M ) and (N,g N ) respec- 
tively. 
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map of (N,giy) at fix). As M is compact there exist finitely many points 
{xi)iel — M so that Uj = (Ui)i e i with Ui = U Xi covers M. By construction 
Vj = (Vi)i e / with V; = Vf( Xi ) ls then a cover of f(M) and one verifies that 
(Ui, Vj, f) is a fine cover with respect to /. □ 

Lemma 3.2. Let (Ui,Vi,h) be fine cover with respect to h G H S (M,N). 
Then for any i G I, the map hi := r/i o h o y^T \ Ui — >• V{ C R is in 

# s (£7;,R d ). 

Proof. By the definition of H S (M, N) and the compactness of M there exist 
a finite open cover (VVj)jej of M by coordinate charts 

Uj : W 7 -»- Wj C R n 

and for any j G J an open coordinate chart i/j : 2j — V Zj C R d of iV with 
/i(Wj) (£ Zj and Wj, Zj bounded so that for any j & J 

Vjoho/jj 1 eH s (Wj,M. d ). 

Without loss of generality we may assume that I D J = 0. In a first step we 
show that for any open subset U <<= Wj fl £Yj with Lipschitz boundary dU, 
the function rn o h o \T Lr is in H S (U, R ). Here [/ is given by Xi{M) ^= ^ n - 
Indeed, note that as £/ = %$(£/) (<= £/j and fij(U) (<= Wj it follows that 

^ o xr 1 : [/ ->. W (W) is in C£°(Cf, M n ) 

and 

Xl o ^T 1 : ^ (U) -)■ C/ is in C 6 °° (^(W) , R n ) . 

Hence by Corollary 12.41 

(^ o h o ^T 1 ) o (^ o x" 1 ) G #*([/, R d ). 
Furthermore, one can choose VCiV open so that 

h{U) <£ V (E Zj n v<. 

Hence ^ o z/7 1 : z/j(V) ->• 7ft(V) is in C£°(z/j(V),R d ). One then can 

apply Proposition 12.201 and Lemma [2.211 to conclude that 

Vi°ho X i 1 \ u = (m ° "j 1 ) ° iyi oho vj 1 ) ° (h ° X7 1 ) \ v e # s (^> Rd )- 
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In view of this we can assume that the cover (Wj)jej is a refinement of 
(Ui)i£i, i.e., for any j G J there exists cr(j) G / such that 

W* c W a(i) , 

that satisfies the following additional properties: for any j G J, Wj <£ U a {j)i 

H = Xa(jM ■ Wj -> ^j ^ U a{j) C M n (58) 

"j = Mi) = ^ = V a(j) -► ^ ee V a0) C R d (59) 

and 

i/j'ofto fij 1 G # s (W,- , R d ) . (60) 

Now, choose an arbitrary i & I and consider the closure Ui of Wj in M. Let 

Then (VV?)./^ is a open cover of Wj. We can choose (yVj)jeJi so that for any 
j G Jj, Xi(Wj nWj) C R n has Lipschitz boundary. Let (ipj)j^j be a partition 
of unity on M subordinate to the open cover (Wj)j e j. By construction, 






= 1. (61) 



Take an arbitrary j G Jj. As the cover (Ui)i e j is of bounded type, 

Xa(j) ° Xi 1 e Cb°(Xi(K(j)nUi), K n ) (62) 

and 

»K o ^ g C? (v^iV^nVi), R d ). (63) 

In view of (J5SJ and (EH} 

W ° xr^XiOVinw.) = XctCj) ° K\iWsrVi) e C b °°(xi(W,- nWi),M n ) (64) 
and 



Vi o vj l = Vi o ^k w (v. W) nvo e <T OfcCflCKw n V,), R d ) . (65) 
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We have 

(Vi°hox~ 1 )\ Xi (yv 3 nu i ) = (Vi ^ 1 ) ^j hofij 1 )o( f i j o X r 1 )\ Xt{Wjrq j i) . (66) 

Then, in view of ( )60l) . ( 164"1) . ( 1651) . and ( 1661) . as well as Corollary 12.41 Propo- 
sition I2.20[ Lemma I2.21[ and Lemma 12.221 one concludes that 

(W ° xr 1 ) -M" X7 1 ) e ff' (0i, M d ) (67) 

where the mapping above is extended from XiO'Vj PlWj) to the whole neigh- 
borhood Ui by zero. Finally, in view of (IBTj) we get 






*,M d ) 



This completes the proof of Lemma 13.21 □ 

For a given fine cover (Ui,Vi), introduce the subset O s = O s (Ui, Vj) of 
i/ s (M,A^) 

C s := {/i g # S (M, iV) | fc(Z4) <e Vi Vt e /} 

and the map 

z = 2 W/iV/ : O s -> ® ie iH s (U l , R d ),h^ (hi) i€l 
where for any i G/ 

hi:=7]ioho vr 1 : ^ -> Vi C M d . 



By Lemma |321 the map z is well-defined and we say that hi := (/ij)igj is the 
restriction of /i to C/j := (£/j)j g j. 

Definition 3.4. ^4 subset S of a Hilbert space H is called a C°° -submanifold 
of H if for any p G S, there exist an open neighborhood V of p in H, open 
neighborhoods Wi C Hi of o/ £/ie Hilbert spaces Hi, % = 1,2, and a C°°- 
diffeomorphism ip : V^ — ?• Wi x W2, wzt/i ^(p) = (0, 0) so £/m£, 

^(vns') = Wi x {0}. 

The following result will be proved in Section HI 
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Proposition 3.3. Let (W/,Vj) be a fine cover and O s = O s {Uj,Vi) with 
s > n/2, and i = iu I: Vi be defined as above. Then the range i(O s ) of i is a 
C°° -submanifold of ® ieI H s (Ui,R d ). 

To continue, let us recall the notion of a C°°-Hilbert manifold. Let Ai 
be a topological space. A pair (U, x '■ U — > U) consisting of an open subset 
WCM and a homeomorphism x:U — > U (^ H oiU onto an open subset U 
of a Hilbert space is said to be a chart of M.. Occasionally, we also refer to 
U or to x '■ U — > U as a chart. For any x G U we say that (U, x) is a chart at 
x. Two charts Xi '■ Mi ~^ Ui C H of M. are said to be compatible if X2 ° X\ '■ 
Xi(Wi ni/2) — > X2(Wi 0^2) is a C°°-map between the open sets Xifth nZY2) Q 
H . An atlas of M. is a cover „4 of Ai by compatible charts. A maximal atlas 
of M (maximality means that any chart that is compatible with the charts in 
A belongs to A) is said to be a C°°-differentiable structure of M.. Clearly any 
atlas of M. induces precisely one C^-differentiable structure. Assume that 
(Uj,Vi) is a fine cover. The following result says that the C^-differentiable 
structure on the subset O s = O s (Ui,Vi) of H S (M,N) obtained by pulling 
back the one of the submanifold i(O s ) does not depend on the choice of 
(Uj,Vi). More precisely, let (Uj,Vj) be a fine cover. For convenience we 
choose the index sets /, J so that I D J — 0. As above, introduce the subset 
O s = O s (Uj, Vj) of H S (M, N) together with the restriction map, 

1 = i Uj , Vj : O s (Uj, Vj) -V ® je jH s (U 3 ,R d ), f ^ {fj) j€ j 

where for any j G J, fj is given by 

fj-=VjofoxJ 1 'U j -^V j CR d . 

By Proposition \'3.3\ O s {Uj,Vj) admits a C°°-differentiable structure ob- 
tained by pulling back the one of the submanifold 

i(O s (Uj,Vj)) C® je jH s (Uj,R d ). 

In Section H] we prove the following statements: 

Lemma 3.4. Let s be an integer, s > n/2, and let (Ui, Vj) and (Uj, Vj) be 
fine covers. Then O 3 ^, Vj) n O s {Uj, Vj) is open in O s {Ui, Vj). 
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Proposition 3.5. Let s be an integer with s > n/2 and let (Uj,Vi) and 
(Uj,Vj) be fine covers. Then the C°°-difJerentiable structures on the in- 
tersection C S (W/, Vj) n O s (Uj, Vj) induced from O 8 ^, Vj) and O s (Uj, Vj) 
respectively, coincide. 

It follows from Lemma O that the sets s (W/, Vj), O s {Uj, Vj), . . . con- 
structed above, with I, J, . . . finite and pairwise disjoint, form a cover C of 
H S (M, N). By Lemma [331 the set T of subsets S C H S (M, N), having the 
property that 

S n C s (^/> Vj) is open in C s (Wj, Vj) VC S (W/, Vj) G C (68) 

defines a topology of H s (M, N) . In particular, C is an open cover of H s (M, N) 
in the topology T . Note that 

Lemma 3.6. The topology T of H S (M,N) is Hausdorff. 

Proof. Take f,g G H S (M,N) so that f ^ g. Then there exists x G M 
such that /(x) ^ g(x). Using that / and g are assumed continuous one 
constructs, as in Lemma 13.11 a fine cover (Uj,Vi) with respect to / and a 
fine cover (Uj, Vj) with respect to g, I D J — 0, such that there exist i G / 
and j G J so that 

iGWj, U l =U j , and V z R Vj = 0. 

Then, C S (W/, Vj) n C s (Wj, V/) = 0. As by Lemma E31 the sets £> S (W/, Vj) 
and O s (Uj, Vj) are open in T we see that T is Hausdorff. □ 

Combining Proposition 13.51 with Lemma 13.41 it follows that the cover C 
defines a C^-differentiable structure on H S (M,N). 

Corollary 3.1. Let M be a closed manifold of dimension n, N a C°°- 
manifold of dimension d and s an integer with s > n/2. Then the cover 
C induces a C°°- differentiate structure A s on H S (M,N) so that H S (M,N) 
is a Hilbert manifold. 

Proof. By Lemma 1331 and Lemma l3~4| C is an open cover of H S (M, N). The 
claimed statement then follows from Proposition 13.51 □ 
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Ebin and Marsden introduced a C°°-differentiable structure of H S (M, N) 
in terms of a Riemannian metric g = g^ of X - see [H] or [15]. More 
precisely, given any / : M — > N in H S (M, X) introduce the linear space 

T f H s (M, X) := {X G # S (M, TX) \n N oX = f} 

where 7Tjv : TX — > N is the canonical projection of the tangent bundle TN of 
X to the base manifold N. Elements in TfH s (M, N) are referred to as vector 
fields along /. On the linear space TfH s (M,N) we define an inner product 
as follows. Choose a fine cover (Uj, Vj) so that / G O s (Ui, Vj). In particular, 
W/ is an open cover of M by coordinate charts of M, Xi '■ Mi ~^ U{ C R n and 
V/ is a set of coordinate charts of X, rn : Vj — y Vi C R d . The restriction 
of an arbitrary element X e TfH s (M,N) to Wj induces a continuous map 
Xi-.Ui^ R d , 

^i(x) = (A:*(xr 1 (x)))J =1 , ^ef/i 

where X are the coordinates of X(%^~ (x)J in the chart Vi C K . Using that 
(Uj,Vi) is a fine cover one concludes from Lemma [3.21 and the compactness 
of X{M) C TX that 

XieH'iPi,®*). 

The family (Xj) j 6 j is referred to as the restriction of X to C/j = (Ui)i € j. For 
X,Y eT f H 8 {M,N), define 

(X,F) S := J] f (ff*X if &*Yi)dx (69) 

ie/,|a|<s K 

where (■, ■) denotes the Euclidean inner product in M . Then (•, •) is a inner 
product, making TfH s (M, N) into a Hilbert space. Another choice oiUj, Vj 
will lead to a possibly different inner product, but the two Hilbert norms can 
be shown to be equivalent. In this way one obtains a differential structure 
of TfH s (M,N). With the help of the exponential maps exp y : T y N — > N, 
y G N, defined in terms of the Riemannian metric g of N, Ebin and Marsden 
(PU) show that H S (M,N) is a C°°-Hilbert manifoldH More specifically, 
charts on H S (M, N) are defined with the help of the exponential map 

exp : s -> H S (M, X), X 1-4 [x i-4 exp /(s) (X(x))] , 



'Note that our arguments will give an independent proof of this fact. 
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where s C TfH s (M,N) is a sufficiently small neighborhood of zero in 
TfH s (M, N) - see SectionH]for more details. We denote the C°°-differentiable 
structure of H S (M, N) defined in this way by A s q . In Section H] we prove 

Proposition 3.7. Let M be a closed manifold of dimension n, N a C°°- 
manifold endowed with a Riemannian metric g, and s an integer with s > 
n/2. Then 

A s — A s 

Now let M be a closed oriented n-dimensional manifold and let s be 
an integer with s > n/2 + 1. From Proposition 12.141 and the assumption 
s > n/2 + 1 it follows that H S (M,M) can be continuously embedded into 
^(M^M). As in Lemma EUS] one sees that 

V s (M) :={tpe Diff^(M) | <p e H S (M, M)} 

is open in H S (M,M). Hence V s (M) is a C^-Hilbert manifold. 

Lemma 3.8. Let M be a closed oriented manifold of dimension n and s be 
an integer with s > n/2 + 1. Then for any if G V s (M), the inverse if" 1 is 
in T> S (M) and the map 

inv:V s (M)^V s (M), <p i-> cp^ 1 

is continuous. 

For the convenience of the reader we include a proof of Lemma 13.81 in 
Appendix [A] 

3.2 Proof of Theorem IT21 

To prove Theorem 11.21 we fi rs t need to introduce some more notation. Let 
M be a closed oriented manifold of dimension n and N a C°°-manifold of 
dimension d. Consider open covers Uj := (Ui)i£i and Vj = (Vi)isi of M 
where I C N is finite and a set of open subsets Wj := (Wj)^/ of iV so that 
for any i & I, U% and Vj are coordinate charts of M, Xi '■ Mi ~* U% C M n , 
77* : V. ->• VJ C R n and W» is a coordinate chart of N, & : W t ->• W» C M d 
where C/j and V^ are bounded, open subsets of M n with Lipschitz boundaries. 
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Let Uj = (Ui)i £ j, Vj = (Vi)i € j, and Wj = (Wi)i £ j. For such data we 
introduce the subsets 

and 

V s (y I) W I )<Z® % eiH s (V l1 W i ) 

consisting of elements (hi) ieI E ® ie iH s (Ui,R n ) and (fi) l£ i E ® l£ iH s (Vi,R d ) 
respectively such that for any i e /, 

hi(Ui) m Vt and fi(Vi) <z W t . (70) 

Further, for any integer s with s > n/2 + 1, introduce the subset V s (Ui, Vj) 
consisting of elements (<pi)i£i in V s '(Uj, Vj) so that for any i e /, p\ : U i — >■ V{ 
is 1-1 and 

< inf det(d x <pi)- 

xeUi 

By Proposition EHU V s {Vi, Wi) is open in ® ieI H s (Vi, R d ). Moreover, one 
concludes from Lemma [2.181 and Proposition 12.141 that V s (Uj, Vj) is open in 
(BieiH s (Ui, R n ). For any integers r, s with r > and s > n/2 + 1 define the 
map 

/iji^fyj.^xD^yj) -> P s (f//,PF/) 

((fi)iel, (jPi)iel) ^ (/t ° w)ieJ 

By Proposition 12.191 A*/ * s well-defined and has the following property. 

Lemma 3.9. fij is a C r -map. 

Proposition 3.10. Let M be a closed oriented manifold of dimension n, N 
a C°° -manifold of dimension d, and r, s integers with r > and s > n/2 + 1. 
Then 

H : H s+r {M, N) x V S {M) -> H S {M, N), (/, tp) \-> f o p 

is a C r -map. 
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Proof. Let (f G T> s (M) and / G H s+r (M, N) be arbitrary. Arguing as in the 
proof of Lemma I3TT1 one constructs open covers (Wj)j e j and (Vj)j e j on M as 
well as an open cover (W;)^/ of f(M) in N such that (£Yj, V/) is a fine cover 
with respect to if and (V/, Wj) is a fine cover with respect to /. Denote 
by C S (W/, Vj) and C s+r (Vj, Wj) the open subsets of # S (M, M) respectively 
H s+r {M, N), introduced in Section O Then D s (M)nO s (W/, Vj) is an open 
neighborhood of ip in "D S (M) and O s+r (Vi, W/) is an open neighborhood of 
/ in H s+r (M,N). Furthermore, note that 

i Uiyi (v s (M) n o s (U!, Vj)) c p s (f/ /; V7) 

and 

z Vl;Wl (^ s+r (V/, Wj)) C V s+r (V h Wi) 

where %Uiyi an d ? Vr,Wr are the embeddings introduced in Section 13.11 One 
has the following commutative diagram: 

O s + r (V 7 , Wj) x (V S {M) n £> s (Wj, V/)) ^> O s (Wj, Wj) 

where /i/ is the restriction of the composition 

fi : H s+r (M, N) x V s (M) ->• # S (M, JV) 

to £> s+r (Vj, W/) x (£> S (M) n £> S (W/, Vj)). In view of Lemma EH 

fil ■ V s+r {V h Wi) x V S (U T , Vj) -> P s (f/j, Wj) 

is C r -smooth. By the definition of the differential structure on O s+r (Vj, Wj) 
and O s (Uj,Vi) (see §3. lj) we get from the commutative diagram above that 
ix i is C r -smooth. As <p, f are arbitrary, it follows that fx is C r -smooth. D 

Next we consider the inverse map, associating to any C ,1 -diffeomorphism 
<p : M — > M of a given closed manifold M its inverse. Following the argu- 
ments of the proof of Proposition 12.131 and using Proposition 13. 101 we obtain 



53 



Proposition 3.11. For any closed oriented manifold M of dimension n and 
any integers r, s with r > 1 and s > n/2 + 1 

inv : V s+r (M) -)• P S (M), <p H- cp^ 1 

is a C r -map. 

Proof of Theorem II. ^i The claimed results are established by Proposition 
13. 10^ Lemma 13.81 and Proposition 13.111 □ 

As an immediate consequence of Proposition 13.101 and Lemma 13.81 we 
obtain the following 

Corollary 3.2. For any closed oriented manifold M of dimension n and any 
integer s > n/2 + 1, V s (M) is a topological group. 

4 Different iable structure of H S (M,N) 

In Section 13.11 we outlined the construction of a C°°-differentiable structure 
of H S (M,N) for any integer s with s > n/2. In this section we prove the 
auxiliary results stated in Subsection 13. H which were needed for this con- 
struction. Throughout this section we assume that M is a closed manifold 
of dimension n, s G Z>o with s > n/2, N is a C°°-manifold of dimension d, 
and g = gjy is a C°°-Riemannian metric on N. 

4.1 Submanifolds 

The main purpose of this subsection is to prove Proposition [3731 Let us begin 
by recalling the set-up. Choose a fine cover (Ui, Vj) as defined in Subsection 
13.11 In particular, Uj = (Ui)i € j is a finite cover of M and Vj = (Vj)ig/ one 
of Uig/Vj and for any i G I, Ui,Vi are coordinate charts \i '■ Mi ~ >* Ui C 
R n respectively rfr : Vj ->■ VJ C M d . Recall that C s (Wj,V/), introduced in 
subsection I3.1[ is given by 

C> S (W/, Vj) = {/i G # S (M, JV) | /i(Wi) d Vi Vi G /} (71) 

and the map 

z = z %)Vi : O s (Wj, Vj) -> © lGj F s (^,R d ), (72) 
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defined by i(h) := {hi)i £ j and hi = r\i o h o x7 '■ Ui — > Vi C M d is 
injective. Proposition 13.31 states that i(O s (llj, V/)) is a submanifold of 
© ie ji/ s (f/i,M d ). We will prove this by showing that for any / G s (Ui, V/) 
there exists a neighborhood Q s of (fi)isl in ®i & jH s (Ui, M. d ) so that Q s n 
«(C S (W/, Vj)) coincides with 2oexpy(O s ) where exp^- is the exponential map 
expy : TfH s (M,N) — > H S (M,N) defined below (see also the discussion 
of the differential structure Ai of H S (M,N) in Subsection 13.1ft and s is a 
(small) neighborhood of in TfH s (M, N). By proving that do(toexp A splits 
(Lemma 14.21 below) we then conclude that i\O s (Ui, V/)) is a submanifold of 
© iG/ # s (£/;,M d ). Let us now look at the Hilbert space T f H s (M,N) and the 
map expj in more detail. For any y G N, denote by T y N the tangent space 
of TV at y and by exp„ the exponential map of the Riemannian metric g on 
N. It maps a (sufficiently small) element v G T y N to the point in TV on the 
geodesic issuing at y in direction v at time t = 1. For any y £ N the expo- 
nential map exp v is defined in a neighborhood of y in T y N '. Furthermore, 
for any X e T f H s (M,N), with / e H S (M,N), and x e M, X(x) is an 
element in Tff x ^N, hence if ||X(a;)|| is sufficiently small, expj^) (X(x)j G A^ 
is well defined and, for X sufficiently small, we can introduce the map 

expj(X) := M -> N, 14 expj^) (X(x)) . 

Note that for X = 0, expy(O) = /. To analyze the map expj- further let 
us express it in local coordinates provided by the fine cover (Ui,Vi). The 
restriction of an arbitrary element X G TfH s (M,N) to Ui is given by the 
map 

Xi:Ui^M. d , x^Xi{x). (73) 

As X G T f H s (M, N), Xi is an element in H s (Ui, R d ). Recall that T f H s (M, N) 
is a Hilbert space. Without loss of generality we assume that the inner prod- 
uct (}69l) is defined in terms of Ui and Vj. It is then immediate that the linear 
map 

p : T f H s (M,N) -> © ie/ if s (^,M d ), X h> (X,)^/ (74) 

is an isomorphism onto its image. For X (sufficiently) close to we want 
to describe the restriction of expy(X) to Uj = (Ui)i<=i. To this end, let us 
express exp y (t>) for y G Vi, i G I, and v sufficiently close to in T y N in local 
coordinates provided by rji : Vi — > Vi. For any small v G T y N, r)i(exp y v) 
is given by Ji(l',yi,vi) where t !->■ ji(t;yi,Vi) G M d is the geodesic issuing 
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at yi := f]i(y) in direction given by the coordinate representation v % of the 
vector v. The geodesic ■ji(t;yi,Vi) satisfies the ODE on Vi, 

7 i + r( 7l )(7 l ,7,) = (75) 

with initial data 

li{0;yi,Vi)=yi and 7,(0;^,^)=^. (76) 

Here ' stays for A and for any z% G Vi and Wi = (w?)i<p<d G R d , 



r(*0K«><) = ]T i%(«K«>?) (77) 

\l<p,q<d 

with Tp„ denoting the Christoffel symbols of the Riemannian metric g, ex- 
pressed in the local coordinates of the chart r\i : Vi — >• Vi, 

r p q = — ( d zf9 P l ~ d z ig pq + d z pgi q ) (78) 

where g p \ are the coefficients of the metric tensor and g ■ g^m — °m where 
5^ is the Kronecker delta. Note that Tp q is a C°°-function on Vi. The 
velocity vector Vi G M. d in ( 176|) is chosen close to zero so that the solution 
ji(t;yi,Vi) exists and stays in Vi for any \t\ < 2. Now let us return to the 
map X i— >■ expy(X). Its restriction to Ui is given by the time one map of the 
flow Xi h->. on(t\ Xi), where for any Y t G H s {Ui, R d ), a»(£; Y) solves the ODE 

(d i ,2' i )= (Zi,-r(ai)(Zi,Zi)) (79) 

with initial data 

(a i {0;Y i ),Z i (0;Y i )) = {f i ,Y i ). (80) 

As above, /« is given by fi = m o / o ^r and satisfies fi(Ui) <g Vi. 

Lemma 4.1. For any / G O s {Uj, Vj) and i E. I, there exists a neighborhood 
Of of in H s (Ui,M. ) so £aa£ /or any 1^ G 0|, i/ie initial value problem 
(f7P|)-( fgZ7j) aas a unique C°° -solution 

(_ 2 , 2) -> #*([/*, M d ) x # s ([/ l7 M d ), £ H> (ai(*; F*), ^(t; F,)) 
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satisfying 

oifcYMUdmVi. 

In fact, 

faZi) e C°° ((-2,2) x Of,H s (Ui,R d ) x H s (U t ,R d )) . 

Proof. The claimed result follows from the classical theorem for ODE's in 
Banach spaces on the existence, uniqueness, and C°°-smooth dependence on 
initial data of solutions (cf. e.g. [25]). Indeed, denote by H s (Ui,Vi) the 
subset of the Hilbert space H s (Ui,R d ), 

H s (Ui,Vi) := {h e H s (U t ,R d ) | h(Ui) <g Vi}. 

By the Sobolev embedding theorem (Proposition 12 . 141 (in) ) H s (Ui, Vi) is open 
in H s (Ui,M. d ). We claim that the vector field 



ad\ 



I 5 ■ 



H s {U h Vi) x H s {U h R d ) -> H s (Ui,R d ) x H S (U, 
(hi,Yi) h> (Yi,-r(ht)(Yi,Yd) 

is well-defined and C^-smooth. Indeed, as hi € H s (U{,Vi), one has that 
hi(Ui) d Vi, thus the composition r o hi is well-defined. Furthermore, by 
Proposition OH Lemma E2U (E3) and (GS) 

H s (U h Vi) -)« #*(£/«, R), /i< h. T^(^) 

is C°°-smooth. By Lemma [2.161 H s (Ui,R) is an algebra and multiplication 
of elements of H s (Ui,R) is C°°-smooth. Hence the map 

H s {Ui,Vi) x H s (u h R d ) -> F s (^,R d ), (/ii,^) ^ r(^)(y is y-) 

is C°°-smooth. Summarizing our considerations we have proved that the 
vector field 

H s (Ui,Vi) x H 8 (Ui,R d ) -»- H s (Ui,R d ) x H a (Ui,R d ) 
(hi,Yi) h-> (Y^-r^XY^)) 

is C°°-smooth. Further note that for Y = 0, (<**(£, 0), Z;(£, 0)) = (£, 0) 
is a stationary solution of ( 1791) -( IHUl) . Hence by the classical local in time 
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existence and uniqueness theorem for solutions of ODE's in Banach spaces 
we conclude that there exists a (small) neighborhood Of of in H s (Ui,M. ) 
so that for any Y{ G Of, the initial value problem f J79|) - (!80|) has a unique 
solution {ai{t,Yi),Zi{t,Yij) in C°°((-2, 2), H s (Ui, VJ) x /J s (^,M d )). As 
the solution depends C°°-smoothly on the initial data one concludes that 
(a h Zi) G C°°((-2,2) x Of,H s (U z ,Vi) x # s (^,M d )). D 

Corollary 4.1. For any / G O s (Uj,Vi), there exists a neighborhood s of 
in T f H s {M, N) so that for any X G s , exp f (X) is in £> s (Wj, Vj) and tfie 
composition if := i o expf(X), 

s ^i s (Wj, V/) -^ © jG /^ s (^,M d ) 
zs C°°-smooth. 
Proof. For any i & I, the i-th component of the restriction map 

Pi : T/fT (M, N) ->• if s ([/*, M d ), X k> Xf(x) 

is linear and bounded by the definition of TfH s (M,N), hence it is C°°- 
smooth. As a consequence 

O s :=npri(Of)CTyfr(M,A0 (81) 

iel 

is an open neighborhood of in TfH s (M, N) with Of being the neighborhood 
of in H s (Ui,M. ) of Lemma [4.11 The latter implies that for any i G f, the 
composition 

s ^ H s (Ui,R d ) a ^ H s (Ui, Vi) 

is C°°-smooth. Recall that the restriction of expj-(X) to U{ is given by 
Oi(l; Xi). Hence exp / (X) G C S (W/, V/) and 

i f (X)=(a i (l;p i (X))). €l (82) 

showing that if is C°°-smooth as p ? : T f H s (M,N) -* H s (Ui,R d ) is a 
bounded linear map. D 

Next we want to analyze the map zj further. 
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Lemma 4.2. For any f G O s (U T , Vj) ; the differential d i f : T f H s (M, N) ->■ 
(BielH s (Ui,~R d ) of if at X = is 1-1 and has closed range. 

Proof. We claim that for any X G T f H s (M, N), 

d i f (x) = ( Pi (x)). eI 

where for any x G U%, pi(X)(x) = Xi(x) is the z'-th component of the restric- 
tion map. Indeed, for any A G R with |A| < 1 and \t\ < 2, any solution of 
the initial value problem f[T9"j) - ([8"Uj) with Yj, and XYi in Of satisfies 

a l {\t ] Y i ) = a l {t ] XY i ). (83) 

As pi (AX) = Xpi(X) by the linearity of the map pi it then follows from (1821) 
and dSSJ) that for any X G s with AX G s , 

i f (\X)=(a i (\;X i )). eI 

and hence 

^- z / (AX)=(« l (0;X)) 2e/ = (X) JG/ . 

aA A=0 

As a consequence, doif(X) = (pj(X)J for any X G TfH s (M, N) and do*/ 
is 1-1. It remains to show that d$if has closed range. Note that for any given 
X G s and x G Xj&i HWj) with z,j G J, the restrictions Xj and Xj are 
related by 

<W»W ° ty 1 ) • *i(z) = X t (xi ° Xj\x)). (84) 

Conversely, if {Yi) i€ j G ®i^iH s (Ui, M. d ) satisfies the relations (|gl"|) for any 
x G Xj(Wi n Wj) and z, j G I, there exists X G T f H s (M, N) so that 

Pi(X) = Y t (85) 

for any i G J. As s > n/2, it then follows from Lemma [2.161 Corollary 12 A\ 
Proposition I2.14l fii). as well as Proposition 12.201 and Lemma I2.2H that for 
any i,j G /, the linear map 

R lj :® ie iH s (U l ,R d ) -> H s ( Xj (UinUj),R d ), 

(Xi) i€ i i-> d fj{x) (rji o r/7 1 ) ■ Xj{x) - X { (xi ° X/V)) 

is bounded. Hence, the relations ( |84l) define a closed linear subspace of 

® ie iH s (U l ,R d ). D 
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Lemma ET21 will be used to show that i{O s {Uj, V/)) is a submanifold of 
®ieiH s (Ui,M> d ) by applying the following corollary of the inverse function 
theorem. 

Lemma 4.3. Let E and H be Hilbert spaces and let Hi be a closed subspace 
of H . Furthermore let V be an open neighborhood of in E and $ : V — > H 
a C°°-map so that do&(E) = Hi and Ker do$ = {0}. Then there exist a 
C°°-diffeomorphism ^ of some open neighborhood of $(0) G H to an open 
neighborhood of G H and an open neighborhood V\ C V of in E so that 
^ o $1^ is a C°° -diffeomorphism onto an open neighborhood of in Hi. 

See e.g. [25], Chapter I, Corollary 5.5 for a proof. 

Proof of Proposition \3. M We will show that for any / G O s {Ui,V{) there 
exists an open neighborhood Q s of i{f) in ®i£iH s (Ui,M. d ) such that 

if (o s ) = Q s m(o s (u I ,v I )) 

where s is an open neighborhood of zero in TfH s (M, N) such that tf(O s ) 
is a submanifold in ®i£iH s (Ui, K. ). Recall that the differential of the map 
Yi h-> Q!j(l; yj) of Lemma HTTl at 1^ = is the identity (cf. the proof of Lemma 

doa>i(l; ■) = id jff a( f /. )R d). 

It thus follows by the inverse function theorem that for any i 6 /, there 
exists an open neighborhood Qf of fi contained in H s (Ui, Vi) such that, after 
shrinking Of, if necessary 

, . J «j(l; •) : Of — > Qf ia a C°°-diffeomorphism 

By shrinking the neighborhood Of of zero in H s (Ui,~R ) once more one can 
ensure that the open neighborhood s of zero in TfH s (M, N) given by ( 18T|) 
satisfies the following two additional properties: 

(P2) v(° S ) is a submanifold in © ieJ iy s (^, M d ) 

(P3) V£eO s , g{£,S)<e. 

where e > is chosen as in Lemma 14.41 below. Our candidate for the open 
neighborhood Q s of i(f) = (fi) i£l in ® i£l H s (Ui,R d ) is 

Q '■= ®i£iQi ■ 
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Take h G C S (W/, V/) with i(h) = (^)ieJ G Q s . By the definition of Q s and 
Qf, there exists (l^)ie/ G ©ie/Of such that for any i E I, aii(l',Yi) = h{. 
We now have to show that (Yi)i£l * s the restriction of a global vector field 
along /. In view of ( 154]) and (1551) it is to prove that for any x G Xj^Mi ^^j)? 
z,j G /, the identity ( 1541) is satisfied. Assume the contrary. Then there 
exists k,l G I and x G Wfc fl Ui so that, with cc& := Xfc(:r), ^z := Xl( x ) an d 
y = /(x) G Vfc fl V/, the vectors £ G T^iV and £ G T^A" corresponding to 
Yk{xk) an d ^zt^z) respectively do not coincide, 

i ± I (86) 

On the other hand, by the definition of h^ and a^ 

h k (xk) = a*(l;lfc)(xfc) = 77fc(exp„f) 

and, similarly, 

fyfo) = on(l;Yi)(xi) = r]i(exp y ^). 

As i(h) = (hi)i£i it then follows that 

exp y £ = h(x) = exp y £. 

However, in view of the choice of e in (PS) and Lemma 14.41 below, the latter 
identity contradicts ( 156]) . Hence {Yi)i^i satisfies (154]) and if(X) = (Yi)i£l 
where X G s is the vector field along / defined by (155]) . □ 



It remains to state and prove Lemma H~4l used in the proof of Proposition 
For any e > and any subset A C\ N denote by B £ A the £-ball bundle 
of N restricted to A 

B g A = {£ G U yeA T y N | s(£,0 1/2 < 4 

where g is the Riemannian metric on N. Denote by it : TN — > N the 
canonical projection. Recall that / G H S (M, N) implies that / is continuous. 
As M is assumed to be closed, f(M) is compact. By the classical ODE 
theorem and the compactness of f{M) there exists a neighborhood V of 
f(M) in N and e > so that 

$ : B e g V -> AT x AT, £ h+ (*•(£), exp^j £) 

is well-defined and C^-smooth. 
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Lemma 4.4. For any f G O s {Uj, Vj), there exists e > and an open neigh- 
borhood V of f(M) so that 

®:B e g V-+WCNxN, £ h- (vr(0, exp^) £) 

zs a C°° -diffeomorphism onto an open neighborhood W of {(y,y) \ y G V} m 

N x N. 

Proo/. Note that for any f G TN of the form y G T y A^ with y G /(M), 
$(0 y ) = (y,y) and <io "^ : Tq (TN) — > TyAT x T y N is a linear isomorphism. 
By the inverse function theorem and the compactness of f(M) it then follows 
that there exist an open neighborhood V of f(M), an open neighborhood W 
of the diagonal {(y,y)\y EV} in N x N, and e > so that 

$:B s g V^WCNxN, £ h- (tt(£), exp^ f ) (87) 

is a local diffeomorphism that is onto and that for any i£V 

$ : S^V D T X N -> iV 

BivnT x N y 

is a diffeomorphism onto its image. The last statement and the formula for 
$ in ( |87|) imply that $ is is injective. Hence, $ is a bijection. As it is also a 
local diffeomorphism, $ is a diffeomorphism. □ 

Remark 4.1. Note that we did not use the Ebin-Marsden differential struc- 
ture on N S (M,N). In consequence, our construction gives an independent 
proof of Ebin- Mars den's result. 

As a by-product, the proof of Proposition 13.31 leads to the following 

Corollary 4.2. For any set of the form O s (Uj, Vj), 

A s n £> s (Wj, Vj) =A s g n O a {Ui, Vj) 



i.e. the C°°-differentiable structure induced from (BieiH s (Ui,M. ) coincides 
on O s (Ui,Vi) with the one of Ebin-Marsden, introduced in [Lffl . 



62 



4.2 Different iable structure 

In this subsection we prove Proposition 13.51 and Proposition 13.71 as well as 
Lemma [3.41 Recall that the map 

i = i UuVl : O s {U h Vj) -> ® te iH s (U l ,M. d ) (88) 

is injective and by Proposition 13.31 the image of i is a C^-submanifold in 
(BieiH s (Ui,~$L ). Hence, by pulling back the C°°-differentiable structure of 
the image of i, we get a C°°-differentiable structure on O s (Ui, Vj). First we 
prove Lemma [3.41 



Proof of Lemma \3.4\ Let (W/,V/) and (Uj,Vj) be fine covers. For conve- 



nience assume that the index sets /, J are chosen in such a way that If] J = 0. 
It is to show that O s (Wj,Vj) n O s (Uj,Vj) is open in O s (Wj,Vj). Given 
/i G O s (Ui,Vi) fl O s (Uj,Vj) consider its restriction (/ij)«g/ = lu^Viih) in 
(Bi£iH s (Ui,M. ) and choose a Riemannian metric g on iV. In view of Propo- 
sition |2J3](iii), for any e > 0, there exists an open neighborhood W of (h{)i e j 
in (8 ieI H s (Ui,R d ) such that for any ( Pl ) ieI G W n i Ul ,Vi(O s (Uh Vr)) and 
any x G M 

dist 5 (p(x),/i(x)) < £ (89) 

where dist 5 is the geodesic distance function on (iV, g) and p G H S (M, N) is 
the unique element of O s (Uj, Vj) such that iib,Vi(p) — (Pi)iel- It follows from 
( 189]) and the definition of O s (Ui,Vi) that the neighborhood VF of (hi)i & j in 
© iG /if s (t/i,lR d ) can be chosen so that 

W: =^( H/n ^^(° S ^' V/ ))) ^ S (^J,Vj). (90) 

In view of the definition of the topology on O s (Ui, Vj), W is an open neigh- 
borhood of ft in O s (W/,V/). As ft G C s (W/,Vj) n £> s (Wj,Vj) was chosen 
arbitrarily, formula (j9"0|) implies that O s (Uj,Vi) fl O s (Uj,Vj) is open in 
O s (W/,V 7 ). □ 

Next we prove Proposition 13.51 which says that the C^-differentiable 
structures of O s (W/, Vj) n O s (Wj, Vj) induced by the ones of O s (W/, Vj) and 
C s (Wj,Vj) coincide. 
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Proof of Proposition Iff. 51 Let (W/,Vj) and (Uj,Vj) be fine covers. For con- 
venience we choose J, J such that I fl J 7^ and assume that (9|j := 
C s (Wj, V/)nC s (Wj, Vj) ^ 0. Note that the boundary dxi{Uinl4j),i G I,j G 
J, might not be Lipschitz. To address this issue we refine the covers (Uj, Vj) 
and (Uj,Vj). For any h G Ofj there exist fine covers (Uk,Vk), (Ul,Vl) 
with /, J, K, L pairwise disjoint such that (i) h G O s (U K , Vk) H O s (U l , Vl), 
(ii) there exist maps a : K — >• J and r : L — >■ J so that for any k £ K, £ £ L 

U k <& U a(k) , V k m V CT(fe ) and Wj <g W r(£) , Vf <e V rW , 

and (iii) for any k <E K and £ <E L, U k nUi C M and Vt fl V| C iV have 
piecewise smooth boundary and Uk UUl := {UkMt}keK,leL is a cover of M 
of bounded type. 

Fine covers (Uk, Vk) and (W^, Vl) with properties (i)-(iii) can be constructed 
by choosing for U k ,V k {k G K) and U£,Vi {£ G L) appropriate geodesic 
balls defined in terms of Riemannian metrics on M and N respectively and 
arguing as in the proof of Lemma I3~T1 Moreover, we choose for any k G K the 
coordinate chart Xk '■ Mk ~ > Uk Q M n to be the restriction of the coordinate 
chart Xa(k) '■ ^a(k) ~~ *" U a (k) ^= ^ n to Uk- In a similar way we choose the 
coordinate charts % {k G K) and Xl^Vi (^ *= L). Let O s KL := O s (Uk,Vk) H 
O s (U L , V L ) and Of J7 ^ := Of j n £>f^ L and define 

7> := © ieJ tf *([/,, M d ), 7> := ® je jH s (Uj,R d ), 
?k ■= ®keKH s (U k ,M. d ), T L := ©£ ei # s (^,M d ). 

By Lemma [331 the sets Ofj-j,, Ofj, and O s IJKL are open sets in the topology 
T, defined by (|68|) . To prove Proposition 13.51 it suffices to show that the 
C^-differentiable structures on Of JKL induced from the ones of Of and Oj 
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coincide. For this purpose, consider the following diagram 



n{o 



T=l 


U IJ 


Fj 


J\ 


Ul 


Ul 


ijkl) ' 


" ®IJKL ' 


— Ui&IJKL 




(91) 



where ii,ij,ik, an d il denote the corresponding restrictions of iUi,Vn iUj,Vji 
iu k ,Vki an d % u L yhi to Ojjkl an d 'Ph'Pj are the maps 

Vi : ii{0\ JKL ) -)> ik{O s ijkl ), (fi)i € i H- (ia^l^Hei^ 

P^'J&iJ-^&i), (/i) ie j ^(/ T(/) | % ) £eL . (92) 

Finally, the map 7?. : ^k(O s ijkl ) —$■ % l{0\jkl) * s defined in such a way that 
the central sub-diagram in ( |9Ti) is commutative. Note that by the definition 
of the charts XkiVk (k G K) and ^, 77^ (£ e L), the left and right sub- 
diagrams in (19TJ) are commutative. By Lemma 14.51 below the map 1Z is a 
diffeomorphism. Proposition 13. 5l then follows once we show that the maps Vj 
and Vj are diffeomorphisms, as in this case, VJ oTZoVi is a diffeomorphism. 
Consider the map Vi- As Vi is the restriction of the bounded linear map 

Vi'.Ti-^ Tk, (fi)iei !->■ (/a(fc)| [/fc )fcGA: 

to the submanifold i'l{O s I T K £) C J 7 /, "Pj is smooth. Take an arbitrary element 
// = «/(/) G % i{P\jxl) anc ^ consider the differential of Pj at //, 

d fl Vi : Pl (T f H s (M,N)) -+ p K (T f H s (M,N)) 

where pj is the restriction map ( 1741) corresponding to (Wj, Vj) and p# is 
the restriction map corresponding to (Uk, Vr)- I n view of the choice of the 
coordinate charts (xk)keK, dt/Pi is given by 

(93) 



XklkeK, a frr I is given Dy 
d fl Vi : (Xi) isI H> [ X <T(k)\ Uh ) keK - 
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In particular it follows from (19"3"]) that djfPj is injective and onto. Hence, by 
the open mapping theorem dfjPj is a linear isomorphism. As // G i'l{O s I j KL ) 
is arbitrary, Vj : % i{P\jkl) ~~ *" %k ^P\jkl) * s a l° ca l diffeomorphism. As by 
the commutativity of the left sub-diagram of (I9T]) , Vi is a homeomorphism 
we get that it is a diffeomorphism. Similarly, one proves that Pj is a diffeo- 
morphism. □ 

Next we prove Lemma fl~5l used in the proof of Proposition 13.51 Let 1Z be 
the map introduced there. 

Lemma 4.5. 1Z is a diffeomorphism. 

Proof. Throughout the proof we use the notation introduced in the proof of 
Proposition 13.51 without further reference. Consider the following diagram 



(94) 




Tk 2 ik{O s kl ) > i L (O s KL ) c T L 



where TZ : ^(^f^z,) — > 1 l{O s kl ) is the map defined by lZ{iK{f)) = *l(/) 
for any / G @kl- Clearly, the diagram ( 1941 is commutative and 1Z is the 
restriction of TZ to ik(^jjkl)- ^ su ffi ces to show that 1Z is a diffeomorphism. 
Note that 

o| L = s (%nWi,v^nv L ) 

where 

u K nu L = {u k n u e ) keK/eL and v A - nv x = (v* n v^) fc WeL . 

On Wif fl W^ and V# fl Vl one can introduce two families of coordinate charts. 
For any given k G K and £ G L define 
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and, alternatively, 

iki ■= xe\u k nu< :U k r\U e ^ X e(Uk n U t ) cu £ c W l 
he ■= Ve\v k nv e :V k nV e ^ ru(V k n V e ) C^C^ 



12 



These two choices of coordinate charts lead to the two embeddings %\ and 
2i:O s (^nW L ,V^nVi) -* ®keK,eeLH s (Xk(U k nl( £ ),m. d ) (95) 

/ ^ Ukl)k£K,leL 



where 



:= Pia°f° «w = Xfc(W fc n w<) -► %(V fc n V e ) c 



and 



^ 2 :O s (^nw L ,v^nv L ) -+ ® ksKr e €L H a (xt(u k nu e ),R d ) (96) 

/ ^ (9ke)k€KleL 



where 



Let 



0w : = he° f ° 7 fc ^ = x*(Z4 n w*) ->■ ^(V fc n Ve) c 



^ := © fce ^eL^ s (Xfc(W fc n^),M d ), 
£l := ®k^K,^ L H s {xi{U k n^),R d ) 
and consider the following diagram 

Tk 2 ik(O s kl ) % ^— O s KL -^ z L (O s KL ) C T L 



Qk 2 n(0^ 

where z#- is the restriction of 




l u K y K '■ O s (Mk, Vk) ->■ •^ 



(97) 
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to O s KL C O s (Uk, Vr), il is defined similarly, and the maps Rk, Rl, and 
T are defined by 



Rk 
Rl 

T 



Fk -> fe, (fk)k<EK *-> (fki)keK,ieL, fki ■= fk\ Xk (u k nu e ) > 
Fl^-Gl-, {fi)ieL^ (9k£)k£K,eeL, 9kl '■= fl\xt{U k rtAt)i 

Qk ->■ £_L, (fki)k€KleL ^ (9ke)k£K,l£Li 



with 

<7« := (% ° % X ) ° /« ° (x* ° X^ 1 ) • 

Note that the diagram (j97p commutes. The arguments used to prove that 
Pj in ( 191 p is a diffeomorphism show that 7£j^ and IZl are diffeomorphisms. 
We claim that T is a diffeomorphism. First note that T is bijective and its 
inverse T" 1 is given by 

T~ : Gl ->■ £#, (9kl)keK,£eL ^ Ukl)keK,leL 
with 

In view of the boundedness of the extension operator of Proposition I2.14( ii) 
the smoothness of T and T" 1 then follows from Corollary 12. 3[ Proposition 
12.201 and Lemma 12.211 Comparing the diagrams (I94p and (I97p we conclude 
that 1Z = TZx o T o TZ~ . Hence 1Z is a diffeomorphism. D 

Proof of Proposition \3.T\ The claim that the C^-differentiable structure on 
H S (M, N), introduced by Ebin-Marsden and the one introduced in this paper 
coincide follows from Corollary I4.2I and Proposition I3.5I □ 

As a consequence of Proposition I3.7I we obtain the following corollary. 

Corollary 4.3. The C°° -differentiable structure on H S (M,N) introduced in 
[T$ , is independent of the choice of the Riemannian metric on N. 

A Appendix 

In this appendix we prove Lemma [3T8l First we need to establish an auxiliary 
result. Throughout this appendix, we will use the notation introduced in 
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Section [3J For bounded open subsets U, W C IR n with C^-boundaries and 
s > n/2 + 1, denote by £>^ w the following subset of £> s (£7, M 71 ), 

^V == {^ e X? s (£/,M n ) | W C p(*7)}. 

Arguing as in Lemma 12.181 one can prove that T>fj w is an open subset of 
V s (U, R n ). Moreover, following the arguments of the proof of Lemma 12.81 
one gets 

Lemma A.l. Let U, W, and s be as above. Then, for any ip e T>fj W , 
tp~ X \ w e V s (W,R n ) and the map 

V s u>w ^V s (W,R n ), ip^ip-% 

is continuous. 

Proof of Lemma \3. 8\ Let ip be an arbitrary element in V s (M). To see that 
its inverse v? -1 is again in V s (M), it suffices to verify that when expressed in 
local coordinates, the map </> _1 is of Sobolev class H s . To be more precise, 
let 

X-U^U <ZR n and r]:V ^V CR n 

be coordinate charts so that U, V are open, bounded subsets of R n with C°°- 
boundaries and <p(U) (s V. By the construction of the fine cover in Lemma 
I3.1l we can assume that (U, V) is a part of a fine cover (Uj, V/) with respect to 
ip e V s (M). Then, by Lemma E2J ip := r\ o <p o x _1 is in H s (U,R n ). Choose 
W <g (f{U) so that W := r](W) is an open bounded subset of R n with C°°- 
boundary. By Lemma|A~U it follows that ip' 1 1 : W -4 M n is in £> S (W, R n ). 
As the chart W,V as well as W were chosen arbitrarily, we conclude that 
(/9 _1 is in V S (M). By the construction of the fine cover in Lemma [37T1 we can 
choose a fine cover (Uj, Vj) with respect to <p> € V S (M) and Wj <g <p(Mi) such 
that (W/,W/) is a fine cover with respect to (^ _1 G V s (M). Then, Lemma 
IA. II implies that the map T> S (M) — » T> S (M), <£> i— » yj _1 is continuous. □ 

B Appendix 

In this appendix we discuss the extension of Theorem 11.11 and Theorem 11.21 
to the case where s is a real number with s > n/2 + 1. 
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For s G M> , denote by H s (R n ,R) the Hilbert space 

H s (R n ,R) := {/ G L 2 (M n ,R) | (1 + |f| 2 ) s/2 /(0 G L 2 (R n ,R)} 
with inner product 

(f,g)7= [ m)WJ(i + \Z\ 2 Ydti 

and induced norm 

11/117 :=((/, f)7) 1/2 - 

By dl]), the norms ||/||7 an d ||/|| s are equivalent for any integer s > 0. In 
the sequel, by a slight abuse of notation, we will write ||/|| s instead of \\f\\^ 
and (•, -) s instead of (•, -)~ for any s G M>o- In a straightforward way one 
proves the following lemma. 

Lemma B.l. For any f G L 2 (R n ,R) and s G R>i, / G H s (R n ,R) iff for 
any 1 < i < n, the distributional derivate d Xi f is in H 8 (WL n , K.). Moreover 
11/11 + X/»=i ll^jci/lls-i ^s a ^0?"^ on _£P(R n ,lR) which is equivalent to ||/|| s . 

For s G M>o\N, elements in H s (R n , K.) can be conveniently characterized 
as follows - see e.g. (2[ Theorem 7.48]. 

Lemma B.2. Let s G M> \ N and f G L 2 (R™,M). T/jen / G # S (M™,M) z# 
/ G //"L S J (]R n , M) and [d a f}\ < oo /or any multi-index a = (a\, . . . , a n ) with 
\a\ = \_s\ where X = s — [s\ and where [d a f]\ denotes the L 2 -norm of the 
function 

K J \x-y\ x+n / 2 

Moreover v/((/, f)) s is a norm on H s (R n ,R), equivalent to \\ ■ \\ s , where 
((•, •)) zs i/ie inner product 

\r^ f f (d a f(x) - d a f(y)) (d a g(x) - d a g(y)) 

aeZl JwJR- \x - y\ 
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Proof. We argue by induction with respect to s. In view of Lemma fB.lt it 
suffices to prove the claimed statement in the case < s < 1. Then X = s 
and we have 

I'm- 'mp ^ = f f \i^±$^mi dxdz 



I |~ „,|n+2s y II |~|n+2s 

» ■/l" l X i/l JM" JK" 1*1 



I r|n+2s 



|/(xH-z)-.f(x)| 2 da; ) tfe. 



By Plancherel's theorem, 

\f(x + z)-f(x)\ 2 dx = f |/T+^)(0-/(0l 2 ^ 



/ |e"*-l| 2 |/(OI 2 #- 



Therefore 



n .IVn 



\ x y\ jr" \jR n \ z \ j 

Jz-$ 1 1 2 



/ iei 2s i/(Oi 2 / ! |2 " L ^Me- 

Jk™ \7k™ Is I l z l / 



Let Z7 G SO(n) such that [/(£) = |f|ei where ei = (1, 0, . . . , 0) 6 M n . For 



£ 7^ introduce the new variable y defined by 2 = At/ 1 (y). With this 



change of variable, the inner integral becomes, 



\ e iz -i — 1| 2 f \ e Wi — 1| 2 



dz = / 1 ^4-9. d V < °°- 



I t|2s| ~,\n+2s I L.|n+2a 

" Is I |*| Jr™ |y| 

Note that the latter integral converges and equals a positive constant that 
is independent of £■ Hence we conclude that for any / e L 2 (ffi. n ,R) one has 
I 2 < 00 iff 

l/(x)-/(y)| 2 



n ./ »n 



nn n 1 ft I ^ & 

l x y I 



(ixrfy < 00. 



The statement on the norms is easily verified. □ 

The following result extends part (ii) of Lemma 12.41 
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Lemma B.3. Let ip G Diff + (R n ) with dtp and dtp^ 1 bounded on all ofW 1 . 
Then for any < s' < 1, the right translation by (p, f i— >■ Rtp(f) = f o ip is a 
bounded linear operator on H s (R n ,R). 

Proof. In view of statement (i) of Lemma 12.41 it remains to show that 
[Ripf]s> < oo. By a change of variables one gets 

[/ o (pis' = / / — i ^2? — dxd y 

jR n Jm n \ x y\ 
< J_ f f I/W-/MI 2 dxdy 

where M := inf a:€ Rn (det d x tp). As dy? is bounded on R n , one has for any 
X, y G R n 

k — 2/1 = ^(v -1 ^)) -¥>(¥> _1 (?/))l < L \v~ l {x) -¥> _1 (j/)I 

where L := sup^^n Id^l < oo. Hence 

[fo^] s ,<M- l L n l 2+s '[f] sl V/Gtf s '(R n ,R). (98) 

Hence fotp£ H s (R n , R) and it follows that R^ is a bounded linear operator 

on# s '(R n ,R). a 

Next we extend Lemma [231 to the case where s and s' are real. Using the 
notation introduced in Section [21 one has 

Lemma B.4. Let s, s' be real with s > n/2 and < s' < s. Then for any 
e > and K > i/iere exists a constant C = C(e, K; s, s') > so that for any 
f G H s '(W l ,R) and g G U b £ with \\g\\ s < K one has //(l + g) G # s '(R n ,R) 
and 

ll//(H-y)IU'<C||/|| s , (99) 

Moreover, the map 

H s '{R n , R) x [7 s ->• # s '(R n , R), (/, #) H- //(l + #) (100) 

is continuous. 
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Proof. In view of Lemma 12.51 and Remark 12.51 the claimed statement holds 
for real s with s > n/2 and integers s' satisfying < s' < s. Arguing by 
induction we will prove the first statement of the Lemma. Let us first show 
that (1991) holds for any < s' < 1, s' < s. Take an arbitrary g G U^, e > 0. 
Then V/ G H s '(R n ,W), f/(l + g) G L 2 (M n ,M) and 

l|//(l + <?) II <~ 11/11- (ioi) 

According to Lemma [B.2I it remains to show that [//(l + g)] s ' < oo. Write 



fix) f(y) 
l + g{x) l + g(y) 



(1 + g(x)) [1 + g(y)) 
f(x)g(x) - f(y)g{y) 



(l + g(x))(l + g(y)) 

and note that by Remark [221 f'9 e if s '(M n ,M) and 

l + |y(x)| + |<7(y)| 



sup 

a,yel 



«(l + «7(z))(l + <7(y)) 



<Ci 



for some constant C\ > 0. This together with Lemma 12.31 and Remark 12.41 
implies 

/ 



1 + S 



< 2C 1 2 [ / ]2, + 2C 1 2 [^]2 / 

< 2C 2 (||/|| 2 , + ||^|| 2 ,)<C 2 ||/|| 2 ,<oo (102) 

where C 2 > 00 Combining (TTOTD with (TT021 we see that (El) holds for any 
< s' < 1, s' < s. This completes the proof of the Lemma when s < 0. 
If s > 1 we assume that (199]) holds for any < s' < k, with 1 < k < s, 
k G Z> . We will show that then (E3) holds for fc < s ; < k + 1, s' < s. Take 



an arbitrary / G H s 
proof of Lemma 12.51 

dr. 



As H & 



f \ d xt f 
1 + gJ" l + g 



C H k 



^i(fg) _ 9-dxJ 
l+<7 1+3 



9 



we get from the 



(103) 



tTThe positive constants C\ and Cy, depend on the s-norm of . 
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By Remark|23J 9 • d x J and d Xi (fg) are in H s '- 1 (R n , R). This together with 

the induction hypothesis and ffT03|) implies that //(l + #) G # s '(M n ,M). 

Inequality (199]) follows immediately from the induction hypothesis and H103[) . 

In order to prove that fllOOp is continuous we argue as follows. Take an 



arbitrary g G U*, e > 0. In view of Proposition 12.21 Remark 12. 2\ and ( |99l . 
there exists k > such that for any £g G -B^j, 

||^/(H-^)|| S <1 and ||^|| C o<e/2. (104) 

Consider the map, H 8 '(R n ,M) x 5* -> iJ s '(]R n ,R), 

(5/, <fy) ^ ^ = . . (105) 

v ; 1 + {g + Sg) K J 

In view of ( 11041) and the first statement of the Lemma, the map ( 1105P is 
well-defined. We have 

*/ = jz i *i i j/ y ( ir Y */ y 

l + # + <5# l + # l + ^fi- 1 + 9 1 + 9 ^ Vl + 9/ 

= ^ + -^-S(5g) (106) 

1+9 1+9 

where S : Bf. — > H s (M. n ,W) is an analytic function. Finally, the continuity 
of (TT05D follows from (ITOoT) . (1991. Lemma O and Remark EI □ 

The following lemma extends Lemma 12.71 to the case where s and s' are 
real numbers instead of integers. For any real number s > n/2 + 1 introduce 

V s (R n ) := {y? G Diff^R") | <p - id G # S (IP)}. 

Lemma B.5. Let s,s' be real numbers with s > n/2 + 1 and < s' < s. 
Then the composition 

/ :H s \R n ,M) xV s (R n ) ^H s '(M n ,M), (f,(p)*+fo(p 

is continuous. 



^B S K is the open ball of radius k centered at zero in H s 
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Proof. We argue by induction on intervals of values of s', k < s' < k + 1. 
Let us begin with the case where < s' < 1. Note that the case where s is 
real and s' integer is already dealt with in Lemma 12.71 - see Remark 12.61 In 
particular, 



-2nn>n 



, R) x V s (R n ) -> L 2 (R n , M),(f,<p)^fo<p 

is continuous. Next assume that < s' < 1. Then for any /, /. e i? s (M n , M) 
and </>, </?. G V s (M. n ), the expression [/ o ip — /. o yj.]^ i s bounded by 



|/(y»(x)) - f.(<p(x)) - f{<p(y)) + f.{<p(y))\ 



n .ITOn 



\x-y 



n+2s' 



+ 



\f.(<p(xj) - /.(*>.(*)) - /.(^(y)) + f.{<p.(y))\ 



n /Tffn 



\x-y 



n+2s' 



dxdy 



dxdy. (107) 



By (198]) . the first integral in fjlOTj) can be estimated by C[f — f,} 2 s , where 
C > can be chosen locally uniformly for <p in V s (M. n ). The second integral 
in (I107J) we write as 



/.(?(*)) -/.(p(y))J - (/.(^.(a?)) -f.{Mv)) 



n ./ran 



|n+2s' 



By Lemma [B. 21 



is in L 2 (R n x M 71 



F(x,y) : 



x-y\ 

f.(x)-Mv) 



dxdy. 



\x-y\ 



i/2+s' 



. Hence again by Remark 12.61 

F(<p(x),<p(y))->F(tp.(x),My)) in L 2 (R n 
In view of the estimate 



x 



<p(y) - tp{x) 



\y-x\ 



< 



(d. 



x+(y—x)t 



<P) 



y-x 

\y-x\ 



< 



QO 



and the continuity of V s (M. n ) — > C^IR" - ), tp i-)- (p — id (Remark [272]) one sees 

that 

p{x) - p{y) _^ <p.(x) -<p.{y ) ._ 



in L°°(W l x W\ 



\x-y\ 



\x-y\ 
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Writing 



lM°))-fMy))_ F{v(x)My)) \^)-v(yT^ 



it then follows that as tp — > (p. in V s (W l ) 

f.{<p(x)) - f.(p(y)) /.(y.(x)) - f.jMv)) r2 ™ Yl n m 

\x — y\ ' ^ \x — y\ i + 

Now let us prove the induction step. Assume that the continuity of the 
composition fi s has been established for any s' with < s' < k where 
k e Z>i satisfies k < s. Consider s'el with k < s' < s (if s < k + 1) resp. 
k < s' < k + 1 (if s > k + 1). By LemmaEln), 

d(f o ip) = df o ip ■ dp. 

In view of Lemma |B.1[ df E H s _1 (R n , R n ), hence by the induction hypoth- 
esis, if / ->■ /. in H s '(R n , R) and <p -> p. in V s (R n ), one has 

df o (p -)■ df. o <p. in fl' a, - 1 (R n ,R n ). 

As dip £ if a -1 (R n , R" - *" - ) and s — 1 > n/2 one then concludes from Remark 

EH 

dfop-dp^df.op.- dp. in H 8 '- 1 (R n , W l ) 

and Lemma [B . 1 1 implies that / o p — y f. o ip. in i7 s (R n , R). This establishes 
the continuity of fi s and proves the induction step. □ 

Next we extend Lemma 12.81 to the case where s is fractional. 

Lemma B.6. Let s be real with s > n/2 + 1. Then for any p G X? s (R n ), its 
inverse p~ 1 is again in V s (R n ) and 

±nv:V s (R n )^V s (R n ), p^p- 1 

is continuous. 
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Proof. Let ip G V s (W a ). Then ip is in Diff^j. (M. n ) and so is its inverse p>~ 1 . We 
claim that p" 1 is in D S (M 71 ). It follows from the proof of Lemma |2~8| together 
with Remark 12.41 and Lemma lB.41 that for any a G Z> with < |a| < s, 
d a (p~ 1 — id) is of the form 

d a (ip- l -±d) = F( a Kip~ l 

where F^ a > G H s < a \(R n ). In addition, by Remark [2.41 and Lemma IB.4[ the 



map T> 6 



-± H 



s—\a\ tin>n\ 



(p i—)- F^ a > is continuous. It then follows that 



/ \d a (^- x -±&)\ 2 dx= I \F^\ 2 det(d y if)dy<oo. 
Moreover, in case \a\ = \_s\ and s (£ N one has for < A := s — [s\ < 1, 



p( a ) 



<r 



2 
A 

<M 2 



n ./»n 



|n+2A 



dxdy 
x-y\- ■ 

\F^){x')-F^){y')\ 2 \x'-y'\ n+2X 



i j i 



n ./TCPn 



I™/ y/|n+2A 



\p{x') -y{y')\ 



/\\n+2X 



dx dy 



where M := sup a , eR n(det d x ip). As \p^ 1 (x) — ip^ 1 ^)] < L\x — y\ for any 
x, y G M. n with 

L := sup \d z p~ | < oo 

z£U n 

it follows that 



\x' - y'\ 



7^<£ Vx',y'eR n ,x'^y'. 



\(p{x') -<p{y')\ 
Altogether one has, for any a G Z> with \a\ = [s\. 



pi®) 



¥ 



< M 2 L n+2X \F^ a) 



(108) 



By Lemma lB~2l it then follows that p^ 1 — id G H s (M, n ). In addition, the 
estimates obtained show that the map V s (M. n ) — > H s (R n ), p i->- </? _1 — id 
is locally bounded. It remains to show that this map is continuous. By the 
proof of Lemma 1278]. the map V s (W 1 ) — > L (K n ), p i-> p> — id is continuous. 
Using that F^ : V s (R n ) ->- jy*-M(R») is continuous for any a G Z™ with 
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|a| < s one shows in a similar way as in Lemma [2.81 that "D s (M n ) — > L 2 (M n ), 
if i—)- d a (p~ 1 — id) = fW o y?™ 1 is continuous. Now consider the case where 
a G Z^ satisfies |a| = [s\ and A := s - [s\ > 0. For any ip. G £> s (R n ) 
consider 



[9«(^- 1 - ip, 1 )] A = F^ o cp- 1 - Fr> o cp- 1 



< 



It follows from ( ITUgjI that 

>(«) o ^ - F. (Q) o p" 1 ] < ML x+n / 2 



r» o <p — h, o y? # 



(o) 



,(a) _ ^(a) 



As F( Q ) : £> s ( 



^# 



A /"ram 



is continuous, 



ir(«) o ^ - F. (a) o (p- 1 



^0 



asip —} ip m in r> s (R n ). Finally consider the term F» o ip 1 — F» o p 9 1 

J A 

Arguing as in the proof of Lemma |2.8[ we approximate <p m by p G V s (R rt ) 
with ^ - id G C£°(R n ,R n ). Then 



Fr o p" 1 - F± c < o p. 



(a) 



< 



F. (a) o y,- 1 - F ( 



a ) o p^ 1 



p( a ) 



V 



_p(«) 



^ 



A 



+ 



f(«) o y,- 1 - Fr } o ^ 



-i 



where F^ a > = F^ a '\ _. For y? near y>. one has as above, 



F. (a) o cp- 1 - F(°) o -- 1 



P 



Similarly, the expression 



< ML x+n/2 



F^ - F (a) 



#(a) ^-1 _ F W y,-l 



can be bounded in terms 



of 



_p(a) _ _p # ( c 



A 



. To estimate the remaining term it suffices to show that, 



as <p ->■ (p. in £> s (R ri ) 



|_p(«) 



_ _p(«) 



O <£> * — ^ A " ; O p % ||l — >■ 0. 

First we show that ||F( Q ) o p" 1 - F^ o (p^W -> as ip -»■ y>. in £> s (R n ). 
Indeed, arguing as in the proof of Lemma [2 .8[ we note that F( a ) is Lipschitz 
continuous, i.e. 

\p( a \x) - P( a \y)\ <L!\x-y\ VijgT 



for some constant L\ > 0. Then 






dx 



and therefore 

\\p(<*) o (p- 1 - pM o p- 1 1| ->. as p -)- p. in V s {R n ) . 
It remains to show that 

\\d{F^ o p- 1 ) - d{F^ o p-^W ^0 as <^^<^. in X> s (R n ) . 
By the chain rule we have 

d(F^ o p- 1 ) = dF^ o p- 1 ■ dp~\ 
Hence 
\\d(F^ o p- 1 ) - d(F^ o p, l )\\ < WdF^op^-dF^p^WWdp-^lL- 

+ iidF^o^n H^" 1 -^ 1 !!^. 

Arguing as above one has, as p> — > ip, in V s (M. n ), 

\\dF^ o p- 1 - dF^ o p, l \\ ^0 

and, by Remark [2.21 and inequality (126]) . 

||aV _1 - dp^Wioo -> 0. 

Altogether we thus have shown that 

H^o^-l-^Ca) ^,-l H^O as p^p, in V s (M n ) . 

This finishes the proof of the claimed statement that p — > p" 1 is continuous 
on V s (R n ). □ 

Proposition B.7. For any real number s > n/2 + 1, (V s , o) zs a topological 
group. 

Proof. The claimed statement follows from Lemma [B. 5 1 and Lemma [B.6I □ 
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Now we have established all ingredients to show the following extension 
of Theorem 11.11 

Theorem B.l. For any r 6 Z>o and any real number s with s > n/2 + 1 

ti : H s+r (R n , R d ) x V s (R n ) -»• H s (R n , R d ), {u, V )^uo V 

and 

inv : V s+r (R n ) ->■ P s (M n ), p h^ ip- 1 

are C r -maps. 

Proof. Using the results established above in this appendix, the proof of 
Theorem 11.11 given in Subsection 12.31 extends in a straightforward way to 
the case where s is real. □ 

Finally we want to extend the results of Subsection 12.41 Section [31 and 
Section [4] to Sobolev spaces of fractional exponents. 

Definition B.l. Let U be a bounded open set in R n with Lipschitz boundary. 
Then f E H S (U,R) if there exists f e H s (R n ,R) such that f\ v = f. 

Note that for our purposes it is enough to consider only the case when the 
boundary of U is a finite (possibly empty) union of transversally intersecting 
C°°-embedded hypersurfaces in R n (cf. Definition 13. 21) . 

As in the case where s is an integer, the spaces H S (U, R) and H s (R n , R) 
are closely related. In view of [38J, item (ii) of Proposition 12.141 holds. 
Note that H s {R n ,R) = F| 2 (R n ,R) where F| 2 is the corresponding Triebel- 
Lizorkin space. This allows us to define maps of class H s between manifolds 
and extend the results in Subsection 13.11 to Sobolev spaces of fractional ex- 
ponents. 

The corresponding space of maps is denoted by H S (M,N). Similarly, 
one extends the definition of V s (M) for s fractional. Following the line of 
arguments of Section |3] and Section H] one then concludes that Theorem 11.21 
can be extended as follows 

Theorem B.2. Let M be a closed oriented manifold of dimension n, N a 
C°° -manifold and s any real number satisfying s > n/2 + 1. Then for any 
r G Z> , 
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(%) n : H s+r (M, N) x V S (M) ->■ # S (M, JV), (f , <p) *-> f o <p 

(ii) inv : £> S+7 "(M) ->■ £> S (M), </? ^ (/p -1 

are 6o£/i C r -maps. 

Remark B.l. Afote t/iai ow construction can be used to prove analogous 
results for maps between manifolds in Besov or Triebel-Lizorkin spaces. 
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